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* Ser THEORY

1.1. INTRODUCTION TO SETS

i_:lrsﬂﬁs chqpmr.’we shall deal with the most fundamental items in mathemntiés—The Sets. Sets were
t-l:'xpla:ned 'C_'Y mathematician George Cantor. The application of set theory play a very important
Detian:Ilgnm economics and business decisions. -

A set is a collection of well-defined and well-distinguished objects,

Note™: () The “objects’ in a set arecalled the members or elements of the set.
: (i) The words ‘well-defined’ imply that there s a definite rule or condition which
__ telluswhether a particular object (element) belongs to the set or not.
(iif) The words ‘well-distinguished’ imply that all the objects (elements) of a set
must be different. In other words, the elements of a set must not repeat themselve..
(i) The sets are usually denoted by the capital letters of English alphabet say. A, B,
C,D.;. XY, Zetc. :

INustration 1.

1. The collection of members in a particular family is a set.
2. The collection of cities in Punjabisaset.
- 3. The collection of Books in the college library is a set.
_ 4. The collection of vowels of English alphabet is a set.
~ 1.1.1 Some Standard Sets ;
 N=Thesetofall natural numbers. ~ W = The set of whole numbers.
or Z= The set of integers Q = The set of rational numbers.
R = The set of real numbers. C = The set of complex numbers. -
en set A and given object a, one'of the following statements is true.
r ollection A.
not in the collection A.
Sym an object of A, then it is written as a € A and read as “belong to A"
If a is not cbﬁecﬁgnA.ﬂJmitiswﬁuenasaﬁAandisreadas“doesnotbcl to A”.
i eg let A={ab,cd}then aEADEAIEA butl A 2€EAeEAfEA
~|llustration 2. Which of the following are sets. il
() A collection of most talented persons of India. (i) A collection of all even integers.
 (iif). A collection of beautiful girls of the world. (iv) A collection of rivers in India.

Solution. ' : ;
- '}; The collection of most talented persons of India is not a set, since the term ‘most talented
" person’ is vague and is not well-defined. E ' '

n of even integersisaset.
world is not a set, since the term ‘beautiful’ is not

tion of beautiful girls of the

& = ‘does not belong to’
# =‘notequal to’
- 2 =‘Contains or equal to’
- =‘Mapped to’ or ‘goes to’
-« =‘ifand onlyif’ P



e U =Union )
' ﬁ . = Such that Hit $ = ‘not greater than

. viecC

N = UaleaTn e f
- = values 0
4 = ‘not less than Yo forall

| 1.2 REPRESENTAT ION OF A SET
“A two methods to represent a set :

n:;'::mr or Tabulation meth:: I (i) ::;1 xlgat;:o?:t;m o
oster lation method. In this meth e ¢ _
@ h@?;mm the elements by commas and enclosing them in Glf:lll)"&mm {tl: e
the set contain an infinite number of elements, then it is not l?°§“‘"‘° to h:s‘braclamelm' 15
case, we list a few elements of acg_fouav.;d _by-dols}(.....) within the curly - &
A- { 2!4' 6'8* 10}9 B- {ll ,5.?, CLLLL] : oA ; v
(if) 3@t builder form. In this method, the set is represented by specifying the mﬂ;gfp@ 1
of the elements. In other words, in set-builder form, we state a property, cve

element must possess in order to be a member of the set.
In the builder notation a set is described as { x : x has property

of a set are Jisted (with

P} and is read as ‘The setof 2

elements x such that x has the property P". The colon : or/ is read as fsuéh that'.
lllustration 3. B S it i r
O A={(a,eiouf : ' bl
A= {x:xisavowel in English-alphabet} (Setbuilder fo;m) :
(i) B={2,4,6,8 = ~ (Tabularform)
© B={x:xise integer < 10) ~ (SetBuilderform)
(@) C={1,2,3, 18,36} | (Tabularform)
" ge & 2 (Set Builder form) -
lllustratic following sets in Roster form. . HE g 2 :

={x:x er in the word ‘MATHEMATICS’ } ' >
(i) B={x:xisaprime number which is.a divisor of 60 }

(iify C={x:xisanintegerand-2<x<8§}

(@) D ={x:xis atwo digit number such that sum of its digits is 9}

Solution. _ £ : I
@ A= (M,A,T,H,E]LC,S) ) B={2,3,5) | e
(i) C=(-1,0,1,23,4,567)  °  (v) D=(18,21,36,45,54,63,72,81.00)
llustration 5. Express the following sets by using set-builder methods. e 2
) A=(5,10,15,...} 0] 3_{1 2 3 4 5:677)
. vios Lo A8 4627
(éif) C={0,1, ",9.16,-...} : (v) D"!a,e,.l',o,u}

Solution. (1) A = { x: xis a natural number and multiple of 5}
(i) B = x:x-": i ynENandlsn<7
() D= {x:xis vowel of English alphabet }

1.3. TYPES OF SETS

(iii) C={xix=n:ng:z}

1.3.1. Finite Set :
A set s said to be finite if it has finite number of |
elements of the set terminate after a finite numl.;e:m.l ety
,i'.;'e(o A= {&25,3«"‘}_“‘“ , (ﬁ)'Bc:u[x:xisadayinthewek’}f (i) C=
3 e number of elements in a set is called card umber and is der .
.l  Hencen(A)=4,n(B)=17,n(C)=5. m i w“m
L . ¢ Y o1 % o) ' P 3



SetThect | 1.3

1.3.2. Infinite Set

A set is said to be infinite if it has infinite number of elements. Here the process of counting all the
different elements of the set never terminate.
eg ()N = { x: xis anatural number } (if) P={x:xisaprime number }
(fif) R = { x 1 x is a real number } '
lllustration 6. Which of the Jollowing sets are finite und which are infinite
(1) A={x:xis apositive even integer < 10'} : WiE
(i) B ={x:xis apositive integer greater than 50 )
(i) C={x:xENand2x=6}
(iv) P ={x:xisamonth of the year }
Solution. (i) Here, A= {0,2,4,6,8, 10 } whichis a finite.
(i) B= {51,52,53,54, ...} which s an infinite set.
(i) C= {3} whichisa finite set. :
(¥) D= {January, February, March, April, May, June, July, August, September, October,
November, December} which is a finite set.
1.3.3. Empty Set
A st which has no element is called null set or empty set.
An empty set is denoted by the symbol ¢.
eg () A= {x:xisapositive integer<1}
(i) B={x:xisbothevenand odd }
(iif) C= {x:xisaprime number between 24 and 28 }
(v) D={x:xENand2x-3=0}
Obviously each of above sets has no element, therefore they are empty sets.
lllustration 7. Which of the following sets are empty sets.
() A={x:xisan odd natural number divisible by 2 }
(i) B = {x : x is a point of intersection of any two parallel lines }
Solution. (i) As no odd natural number is divisible by 2 .. A=¢.
(ii) As any two parallel lines never intersect .. B=¢.
1.3.4. Singleton set or Unit Set .
A set which contain only one element is called singleton set or unit set.
eg. MHA={2) ()B ={x:x>4andx<6}
(i) C = {x:xisaruling Prime minister of India}
1.3.5. Equivalent or Similar Set :
Two sets A and B are said to be equivalent or similar if they have same number of elements i.e. n (A)
= n (B). Similar sets are denoted as A ~ B and read as A is similar to B.
eg If A ={1,2,3} and B ={a,b,c}
Then, n(A) =n(B)=3 - S DI
1.3.6. Equal Sets .
Two sets A and B are said (o be equal if they have exactly the same elements. It is denoted as A
= &, .lf A= 1!2!3I4} ¢ i ;
an?:l & . { B={x:u’ENMﬂx$4}.Tﬁ¢BA=B.
Hustraion 8. Which of the following statements re truc :
@ IfA={1,2,3,4,55};B={21,3,54},then A=B.

Solution. (i) Here A={x:xz;4:’xEN}*'{X!x=t 4:xEN} =(2)

Bu B={-2} > A#B = ()istrue. _ -
(ipHere A={1,2,3,4,5},alsoB= {1,2,3,4,5) = A=B = (i) is true. ’
1.3.7. Disjoint Sets _ : : :
Mse’:uAandBm said to be disjoint if they do not have any common element. \

eg IfA={1,2,3)andB={a,b,c}thenAandB are disjoint sets. _ 1

fd
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sl : elements O 2 ©7< 2,
%-’fs&ﬂ- Subset two sets, then A is said tobe a subset of B if all the A is contained in B

C LeAwd B e A C B andis read ‘Aisa subset of B of
|

o emb ) andB=(1,2,3,4,5 )} thenACB.
' o - €B.
enifxEA=X sl
;s (.?) ;\f f : ;h then we also say that ‘B is a superset of A’ an
(Eﬂ) Every set is a subset of itselfie. AS A 2
(iv) Empty set ‘¢’ is a subsct of every seti.e. ¢ C_

en(llted asB 2 A.

=

) Sets ; I o
1.3.9.&“205::;9::1:1;3“ said to be comparable iff either A C B orBCA

= B={2,3,5,6}C={1,5) ¢ non-comparable sets.
AACH A cémpmble'“‘?‘- dA¢ Cand CF A= Aand Caronone

. Proper subset i o
Ls.lesetAissﬂidtobeapropeuubsatofB,lfAls asubsez.ofB and A is :;otogno
Aisaproper subsetof Bif ACBbutA# B. ie. Ehere is at least one elem:

“If a subset of a set is not proper, then it is called improper subset.
¢ and A are improper subsets of A.

ual to B. In other words,
f B which is notin A.

(ll the possible subsets of a given finite set A is called the power set of A and it is_
= P(A)= { X: X isa subset of A} _
eg If A={1,23} :
then P(A)‘{¢..{l},{2}, {3}s {1,2}, {1’3}: {2-3}-{1.2,3}} F :
Note: Ifaset A hasn elements thsen P(A) has 2" elements, ie. the total numbers of subsets
of a finite set A of order n is 2.

1.3.12. Universal Set
A set which contain all the elements of differe
called the universal set. It is usually
from situation to situation. j s
g (OLet  A={1,2,3},B={a,bic}andC={p,q,r}. .
Then U={1,2,3,4,b,¢p,q,r} e of e
@IE A = {All male students of Punjab) o e
B = {All the students of girls colleges in Punjab) ~ '
PR " {All the students getting scholarship in Punjab)}
The parent set o universal setof all these sets is the set of al the students in Punjab, -

( ~ SOLVED EXAMPLES
SOLVED EXAMPLES

E!:ample 1. Check which of ta_'quoﬂo'm'ng are sets.

) A= & :xis ame, er of football
() B=fx: xis awoman president "I’f"‘;:;;ajf
@) C=fx:xis intelligent persons of India) .
N Solution. () Aisaser. DBisaset = 2
", (@) Cisnot a set because the ter :

nt sets under consideration or in a given problem is
denoted as U or X. The universal set is not a fixed set. It varies

a coﬂege}

(OA.*-"{x:x



Set Theory: 1.5
(if) B= {x:xisa positive multiple of 7 and x < 63}
(#1) C= {x:xisan odd natural number < 17}
() D= {x:xis whole number < 9}
Example 3. Write the Jellowing sets in Tabular form,
() A ={x:xis a positive integer)
(i) B ={x:xis apositive multiple of 6 and is < 65}
(i) C={x:xisasquare of integer from 1 to 5)
(iv) D=fx:x?-7x-12=0) :

Solution. ()A={1,2,3,4,5, ... ! (i) B={6,12,18,24,30,.....60}
(ii) C=1{1,4,9,16,25) () D={3,4)

Example 4. Which of the following sets is finite or infinite.
() A= {x:xisahuman hairon the body}
(i) B ={x:xis acitizen of India} -
(ii}) C={x:xisacoinin India} .
() D= {x : x a student of Govt. College for Women, Ludhiana)}
() E={x:x is a natural number} :
Solution. (i) A is an Infinite set (i) B isa finite set (¢if) C is a finite set
(i) D is a finite set (v) Eisan infinite set.
Example 5. Which of the following are true.
() ¢ = {0} = (¢} A
(#) {x : x is a letter of the word ‘PARE’} = {x : x is a letter of the word ‘PEAR}’
(iit) {a, b, ¢} ~ {a, B, y) . () fx:x?-5x+6=0}={2,3)
Solution. .
(#) False .- ¢ denotes empty set which contain no element whereas {0} and {¢} are unit sets
which contain 0 and ¢ respectively. -
(#) True . {x:xis aletter of the word ‘PARE’} = {P, A, R, E} and {x: x is a letter of the word
‘PEAR’}={P,E,A,R} = {P,A,R,E}={P,E,A R}
i) True. : .
5 --No. of elements is {a, b, ¢} = 3, No. of elements is {@,B,y} =3 = {a,b,c} ~ {a,B,y}
() True . {x:x2—5x+6=0} = {x:(x-2)(x-3)=0} = {x:x=20r3} = {2,3}
Example 6. Check whether the following sets are null set or unit sets.
() A={x:xisathreelegged animal}
(i) B = {x : x is a magnet with one pole}
(iif) C= {x: x is an Indian living on the moon}
(iv) D = {x : x is a president of India}.

ion. ()A = ¢, empty set. (i) B = ¢ en_lpt).‘ set.

SeliSe ((:3;) C‘i ;, empty set. (v) D isaunit set. , ‘
Example 7. IfA= {2, 4, 6}, B={1,2,6},C={4,2,6}and D = {2, 6}, then which of the following
are true. ; 3y .

= i) ACB (i) A=C : (f?) DCA
Necs o g (vi) 3ED i) ¢ C A
Solution. (i) False (if) False (is'f') True ~ () True

: (v) True (vi) True (vif) False (viii) True.
EXERCISE-1

. ich of the following are sets. i _
: “;?)1 ?he.:'::llection of"ir_;_t’ql]_i_’gcm-gn.!dents_»m India.
(if) The collection of pps;nve mu]gplcs h:icsh )
(iif) The collection of rich persons in C andigarh.
2. Write the following sets in Roster form.
" () A= {x:x € Mandx*=25)



K1,G‘i’ .
(i) B= ¥ x is & positive multiple of
c={x: xEMandxisapnmeﬁmﬂ;erbe

i (i) €
Describe the following sets in set fi
@ A= {6, 12,18.24} : :
o { '5:8'10°12)
I@Of%ﬂhwmgm i
(0 Aﬂrzﬂmdp:a
x+4=4)

e



AL =={x xEAoerB} i
. Hllustration 9. If A = set of alphabets in *PUNJAB’M&DHS& af
o ﬂphabcrsin ‘BOMBAY’ Find AUB. . L5 3
SQIutlpn._iNgw ={P,U,N,J, A, B},
£ ST B'= {B,O,M,B,A,Y}

2 AUB ={P,U,N,J, A.B@,Me,’f}
_' ropertlno‘mnlon ofthesets

@ AUA=A : ' P
mdew’zg A -{abc}aAUA={a,bc}sAU
r,m@ AUB*BUA
"“‘ﬁ"(‘?’ ={a, b, c}

B {c.d.f}
*and BUAH{a,bc,d,_f}




1.5.2 Intersection of the sets _ i :
er-ddeetwosem,theninmﬁonofAmsdemwdasgnB:s
a set of all those elements which belong to both A and B. See Fig. 6.
‘x€Aandx EB}
“Anfg.{:at A ={2’};4;6. 8) and B= (4,8, 12,10}
: ~ then ANB ={4,8}
1.5.2.1 Properties of Intersection of two sets
® ANA =A.

eg - A ={1,2,3} '
: ANA={],23}=A ANA=A
@) ANB=BNA
eg. A =(1,2,3,4) ' b % B ={2,4,6)
= ANB ={2,4} and BNA={24} _
= ANB=BNA " (Commuteting
@@ . ANg¢g=¢ s : . ;
eg. A ={ab,c} ¢ ={)
> ANg={}=¢ = ANg=¢
ANU=A : e
e.g U -{1,2,3,4;5,6,?,8,9} A ={2 35 7} £ -_ 2 b
= ANU={23;57 - k'l s ' o
» ANAC=¢ } 3 etz . (ldmt:ty
i i AC-(5,67,8,9) i
AnAC =¢ ] ; (whereu={132a3"js:6,7,8. 0

() 1 A N B =4 then A and B are disjoint sets,
1.5.2.2Intersection of More than two Sets

The intersection of more than two sets is obtained by
> _ by collecti
member (elements) which i 4 ey
e A)= (l.z’a;,e‘t':c;?mon inall the sets. See Fig.7.
B ={1,3,5,7,9)
C ={I!3’4!6l7)
ANBNC ={1,3)

: llustration 13. IfA=/1, 2, 3, 4=

venn diagram. ! : . .?'
Solution. Here
=

4,6). Then Find A N\ B and drary

A=({1,23,4),B=(2,46)
ANB ={2,4). SecFig.8.

e .
A
=




A= {1,2,3.4}

: B={a, b, c} s
i ANB={} - there is no element «?*‘5
Common to both A and B = ANBisanullset L5
AN B=g. SecFig:9.; (S SIS et S
lustration 15. If A= (1,2,3,4, 5,6} n-{z,w, 6) then. Find A
_;-.;-.‘ also draw venn diagram. Yy
~ Solution.Here  A={1,2,3,4,5,6}
> ANB={2,4,

&-maptopersubsetofA.
Py Al’\B‘—BSeeFig.le
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1.10, : | ' '
(ference of two sets - A 0|
1.5.4L3lA and B be two sets, then difference A - B is the set of all .% %
{hose elements of A which are not in B. 7 \“‘
e A-B-lrix€AxED) Eh
and B-A=[s:xEBxEA] : Fig 12.

eglet A ={123}B={24.68
then A-B ={l,3)und B-A ={4,6,8}

tric difference of two sets. ¢
1551,3”:::: B be two sets, then the symmetric difference of A and B denotedas AAB
: @tm clements which are in A U B but notin A N B. %
S e  AAB={x:x€EAUBandx&ANB)
R AAB={x:xE(A-B)U(B-A)}

~ AAB=(AUB)-(ANB)

eglet  A={1,2,3}B= {3,4,5,6}
(A-B)U (B=A)={1,2,4,5,6} :
S A1 1'3',4,5,6},Aﬁ§=_{3}

11,23,4,56) - _
z '~'-B)U_(B—A)=(AUB)-(AH.B)={1.2..4,5,6} =

Also A
~ (AUB)-(AN
o e

b, N

~ IfA,BandCareany three sets, then .

" (HAUBUC=AUBUC)@MHANBNC)=(ANBNC
Proof. (i) Let x be any arbitrary element of the set (A U B) U C.
Then oS

xE(AUB)UC=>xE(AUB)orxeC . ) =5
= (xEAorx€B)orx&C » xEAor(xEBorx€C)
= xEAorxE(BUC) = xEAU(BUC)
. (AUB)UCZAU(BUC) ‘ Tt
Let y be any arbitrary element of the set A U (B U C). Then ' e
yEAUBUC)>yEAOryEBUC)> yEA or §EBoryeC)

= (yvEAoryeB)oryeC . = yeE(A
& YEMRUB)UC YE( UB)oryQ_C 4
AUBUCCS(AUB)UC. =
From (1) and (2), we have i e

(AUB)UC=AUBUOC).

(#i) Let x be any arbitrary element of the set AN (B NC). Then
. xEANBNC)=xEAandx € (BNC) .
= xEAand(xEBandeC) > (XEA dxe .'
> ¥E(ANB)andx€C S ean e A
ANBNC)SC(ANB)NC SAgICT
- Again let y be any arbitrary element of the set (A N B) N C Thén o

Z YE(ANB)NC=yE(ANB)andye C
(vEAandyE€B)andy EC s
o yEAandye(BNC) = ; e:am! &5
- (ANB)NCCANEBNC) , '
Prom(l)and(z-_),wgh“_e? o s e

ANBNO=a np;n& s e

R




3t Theory } :
5.2. Distributive Laws 3 ' o
If A, Band C are any three sets, then o
MHAUMBNC)=(AUB)N(AUC) (iHANBUC)= (AI"\B)U(AU
Proof. (i) Let x be any arbitrary element of the setAU(BﬂC) Yiihes
Then ; e
XEAUBNC)=»xEAorx€(BNC) -xerr(xeBandxe'
v(xEAoer‘B)and(xEAolerIC)
= xEAUBandxEAUC > xe‘muam(Au“
AUBNCCS(ANB)N(AUC) :
Again let y be any arbitrary element of the set (AUB)n(AUC) Then
y € (AUB)UAUC) -’yE(AUB)andyE(AUC) s
B (yEAoryEB)and(yEAory‘EC) ® yEA
> yEAoryE(BNC) e [
8 (AUB) n(AUC)CAU(BnC)
From ( 1) and (2), we have
. AUBN
(i) Letxbe anyarbltnryclement
xEAn(BUC)-F '



_De- Law on Difference of Sets
[rA.BnndCbenhythreeleti.then - R
A Aa-0 (l'!')A-(BﬂC)?‘_(A_-B)U-(A—-C)
Prool.(n')[ztxbeanyarbm'aryelemc of theset A—(B uce). > vk
Then xEA-(BUC)-uemdx BUC) Vo
oIS &m%(;:d B :c(l: ¢ (g) S (reAmdxgB)and €
X A - X -C) = XEA-— __
. A-@BUC) c(A-B)N(A-C) ‘[(' B)n_m-c_.n‘ =
Again let y be any ubtm:lemmtof the set (A—B) N (A- 0. %

HE 2o
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Proof by Venn Diagram
' LHS

i Subiibe e sades Sl

1 To ﬁnd a formul
sets.

Casell. A and B are not disjoint sets.
() From Venn-diagram [Fig. (19)], it is clear that
n(AUB)=n(A)+nB)-n(ANB) (2
(i) From Venn-diagram (Fig (20)), it is clear that
~ AUB=(A-B)U(ANB)U(B-A)
Nowa;(A—B}.(AﬂB),(B-A)malldisjoimaets
a )'eﬂ&ﬂ ¥
n(AUB)=n(A-B)+n(ANB)+n(B-A) 3)
(ii#) From Venn-diagram [Fig. it -ie Clég
= (?A; S g;l_s (20)), it is clear that
= n(A=n(A-B)+n(ANB
S@W(B)=R(B—A)+:EAHB; 40
(N)E(AUBUC)=1|(A)'-L n (B) -(5)
o8 +J'I(C)"R(An3)—n(ﬂnC)_n(CnA)+nA
8. .Rel.nltlonCa_rdlnllNumbero{so.“ i OBF\C) .
lf?é'a mﬁf"uﬁ"n? M(mdube hw.::thm have
5 JB)=n (A) + ; D we followi i
A R i S
=n =5 :
n(A)=n(A-B) +.E)'(:?-](g)n B)"’n(B._A)
"(A_B)':"(A);—.R(Ana) ;
n(A-B)=n(AUB)-n(@
; "(B)""(B"A)""nmngg
« N (B = A)-_- n (B) o (A,n B)
"_@"*‘-F"”‘AUB)-”A)
ol 5
nANBY)=n(AUBK=,
(A UB)=n(anpyre D-n(aup
"ANBY=n@A)-n(anp =
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(-‘;"(AnBPn(AUB)-—u(AUB‘-‘)—n(A‘UBé) .\
(xi) n(AUBUCQC)=n(A) + n C)-n(ANB)-n | ;
)=n(A)+n(B)+n(C) n((BnC)-'”\\(CnA)"'"(AanC)

SOLVED EXAMPLES |

Example 1. If A, B and C are three sets and U is the universal set such that n (U) = 700,
n (A) = 200, n (B) = 300 and n (4 N B) = 100, Find n (A° N B%).
Solution. We have A< N B¢ = (A'U B)* '
“ n(A° N B = n ((A U B))
=n(U)-n(AUB)=n(U)-[n(A)+n®B) -n(ANB)
=700 = (200 + 300 — 100) = 300.
Example 2. Let A and B be two sets such that : n (4) =20, n (AU By=42 and n (A N B)

= 4. Find (i) n (B) (ii) n (A - B) (iii) n (B - A)
Solution. (i) n (A UB)=n(A)+n (B)-n (AN B)

.~ 2 =20+nB)-4=>n(B)=42-16=26
@) " n(A-B) =n(A)-n(ANB)=20-4=16
(i) n(B-A) =n(B)-n(ANB)=26-4=22

Example 3. A survey shows that 76% of the Indians like oranges, whereas 62% like bananas.
What percentage of the Indians like both oranges and bananas?
Solution. Let A and B denote the set of Indians who like oranges and bananas respectively.
Then n (A) =76,n(B)=62,n(AUB)=100

: n(AUB)=n(A)+n(B)-n(ANB) - :

= n(ANB)=n(A)+n(B)-n(AUB)=76+62-100=38.

..38% of the Indians like both oranges and bananas. B
Example 4. In a group of 50 persons, 14 drink tea but not coffee and 30 drink tea. Find:
(?) how many drink tea and coffee both ; (i) how many drink coffee but not tea.
Solution. Let A and B be the set of persons who drink tea and coffee respectively.|

Then n(AUB)=50,n(A-B)=14,n(A) =30
® n(A-B)=n(A)-n(ANB) : :
> n(ANB)=n(A)-n(A-B)=30-14=16
(i) Required number=n (B - A) =n (B) - n (A N B)
ow : n(AUB)=n(A)+n(B)-n(ANB)
= 50 =30+n(B)-16 = n(B)=50-14=36.
So, nB-A)=nB)-n(ANB) =n(B-A)=36-16=20.

Example 5. For a certain test, a candidate could offer English or Hindi or both the subjects.
Total number of students was 500, of whom 350 appeared in English and 90 in both the
* subjects. Use set operations to show :
() How many appeared in English only 2 (i) How many qppmd in Hindi ?
(iif) How many appeared in Hindi only? :
Solution. Let A be the set of candidates who take English and B be the set of candidates who
take Hindi. Now A N B = the set of candidates who take Hindi and English both
, A — B = the set of candidates who offer English only -
B - A = the set of candidates who offer Hindi only.
According to given conditions :
: (f U B) = 500, n (A) =350, n (A N B) =90
@  n() =n(A-B)+n(ANB) _
- 350 =n(A-B)+90 = n(A-B)=350 - 90 = 260.
Hence the number of candidates who appeared in English only are 260.
G n(AUB)=nA)+n@)-n(AN B)

04n®)-9 =  n(B)="500-350+90=240
'Hence the numbe andidates who appeared in Hindi are 240. :
f st s ; ‘n@“.A)+n(An_B)

[



Set T

240 =n (B-A)+90 = n(B-—A)=240-90=150,

o dates who appeared in Hindi only are 153-
S nlﬂbe(rf)?f}f\f :::;i;’ are two sft‘; such thatn X) =17, 1 |
Example b. andn (XU V) =38, findn (X0 Y. 1 has 32 elements andSOT
p If S and T are V0 sets such that S has 21 elements, :
(i) lements, how many elements does S U T have ? s X U ¥ has 60 elemnt
i ;fX cmi ¥ are two sets such that X has 40 elemen / |
i X N Y has 10 elements, how many elements does Yh:ve L ot and tennit HS8 oyl
(i) In a group of 65 people, 40 like cricket, ?0 like blor? cr "y like
tennis only an{;t{j %ﬂcka (?}g:w ?"{?y :;(J;g ;:p:;)ls ;
Solution. () n ) =n n(Y)- L sxnY)=17+23-38=20
Byl noad ) 21+32-01(1=53-11=42 24

-

=
(i) n(SUT):n(S)+n(T)—n(SnT)= 2 a0+ 10=30
- Y) =n(XUY)-n(X)+n(XNY)=60 =
(33 :%_=:%u¥))-:(0)+ntcm‘)=65—4°_+""35
. Number of people who like tennis only :

n(T-C)=n(T)-n(CNT)=35-10=25

. Number of persons liking Tennis only gnd not cricket = 25
and Number of persons liking Tennis =3 ‘ : £
Example 7. (i) In a group of people, 50 speak both English and Hindi and 30 peop
- English but not Hindi. All the people speak at least one of the two language. Ho
- people speak English ? 3 :
(i) In a survey of 100 persons it was found that 28 read magazine A, 30 read magatzine.
read magazine C, 8 read magazines A and B, 10 real magazines A and C, 5 read ma
- Band Cand 3 reud all the three magazines. Find :

= many read none of the three magazines ?

‘%My read magazine C only ?
I 0) o DR ENH)
T T S Y| =30+50=

@ Give,  n(U) =100,n(A)=28

n(B) =30, n(C)=42
n(ANB) =8 ‘-z_i_.?sn_c;#-l'o
nBNC) =5, n(ANBNC)=3
n(B)+n ﬁ):-Zi +30+42= 100)
erson read none of the magazines
© =100-(13+5+20+
2100 gt )

[See Vet-m'Diamm. ] . e

= T VeIV hree. 3
Solution. LetN = Total number o 5275 ? How man
n(F) =285 n (H) & 195’ 3 (ch;f__t-eiueV;Sl?!nViewmr_SOO

n (F° 1 HE VB = 50, where P 11 an .1 B) = 45,
football, hmmmhﬁhiﬁﬂl'ﬁﬁﬁg _ nqxe"ﬂsl?écti\}e{; g;n H) = 70, n HN
Now n(FENHNBe) =5 . number of viewers v

=n(FNHNB)=500 N Fnpy_ 4+ 4 o
('(:; Rﬂqﬁﬂd g : EEJ’SQ*P.SO-:%n g);’t;@f‘:'- -
: - ﬂuﬂlbﬂ' : r g : e Fhat BN T = . =

= Lty B Hnp),,
=285+195+115-2

Al sl



Indices

3.1 Indices

The lowest factors of 2000 are 2 x 2 x 2 x 2 x 5 x 5 x 5. These
factors are written as 24 x 53, where 2 and 5 are called bases and
the numbers 4 and 3 are called indices.

When an index is an integer it is called a power. Thus, 2* is
called ‘two to the power of four’, and has a base of 2 and an index
of 4. Similarly, 53 is called “five to the power of 3’ and has a base
of 5 and an index of 3.

Special names may be used when the indices are 2 and 3, these
being called ‘squared’and ‘cubed’, respectively. Thus 72 is called
‘seven squared’ and 93 is called ‘nine cubed’. When no index is
shown, the power is 1, i.e. 2 means 2'.

Reciprocal

The reciprocal of a number is when the index is —1 and its value
is given by 1 divided by the base. Thus the reciprocal of 2 is
27" and its value is J or 0.5. Similarly, the reciprocal of 5 is 5~
which means é or0.2

Square root

1
2 b
the square root of 2 is written as 2172 or /2. The value of a
square root is the value of the base which when multiplied by
itself gives the number. Since 3 x 3 =9, then /9 = 3. However,
(=3) x (=3)=09, so v/9=—3. There are always two answers
when finding the square root of a number and this is shown by
putting both a + and a — sign in front of the answer to a square
root problem. Thus V9=43 and 42 = /4= +2, and so on.

The square root of a number is when the index is and

Laws of indices

When simplifying calculations involving indices, certain basic
rules or laws can be applied, called the laws of indices. These
are given below.

(i) When multiplying two or more numbers having the same
base, the indices are added. Thus

32 % 34 :32+4 :36

(i) When a number is divided by a number having the same
base, the indices are subtracted. Thus
35
32
(iii) When a number which is raised to a power is raised to a
further power, the indices are multiplied. Thus

— 35—2 — 33

(35)2 — 35><2 — 310
(iv) When a number has an index of 0, its value is 1. Thus 3° = 1
(v) A number raised to a negative power is the reciprocal of

. .. 1
that number raised to a positive power. Thus 37 = 3
1
s 1 _ 93
Similarly, 75 = 2
(vi) When anumber is raised to a fractional power the denomina-
tor of the fraction is the root of the number and the numerator
is the power.

Thus 823 = V& =02 =4
and 2512 = Y251 = /251 = +5

(Note that v =+ )

3.2 Worked problems on indices

Problem 1. Evaluate: (a) 5% x 53, (b) 32 x3* x 3 and
(©)2x22x2°




From law (i):
(@) 2 x53=5@)=5=5x5x5x5x5=3125
(b) 3% x 3% x 3 =30+ =37
=3x3x...to7terms
=2187
(©) 2 x 22 x2°=20+2+5 =28 =256

7’ 57
Problem 2.  Find the value of: (a) = and (b) =

From law (ii):
7 (5-3) _ 72
(a) == 7 =7"=49

57
(b) i 50-9=53=125

Problem 3. Evaluate: (a) 52 x 5° + 5* and
(b) (3 x 3%) = (32 x 3%)

From laws (i) and (ii):

52X53 5(2+3)
2 3. g4 __ —
(a) 5 x5 +5"= 54 —7
55

:5—4:5(574)25125

3)(35 3(l+5)
5\ (R2 3y —
(b) 3x 3%+ (3 x3)= -5 = ooy

36
:3—5:36_5231 =3

Problem 4. Simplify: (a) (2°)* (b) (3%)°, expressing the
answers in index form.

From law (iii):
(a) (23)4 — 23><4 — 2]2
(b) (32)5 — 32><5 — 310

(10%°

Problem 5. Evaluate: ——————
104 x 102

From the laws of indices:

(102)3 _ 10(2><3) _ 1706 _ 106—6 _ 100 1
104102~ 10@4+2 — 106 T

Indices and standard form 15

23 24 32 3
Problem 6. Find the value of (a) milialadl and (b) ()
27 x 25 3x3%
From the laws of indices:
(a) 723 x 24 = 2(3+4) = 277 :27712 :275 = i = l
27 x25 2045 212 25 32
32 3 32><3 36 1 1
(b) ( ) :7:7:36710:374:—:—
3x3% 3149 310 34 81

Problem 7. Evaluate (a) 4172 (b) 163/4 (c) 27?3 (d) 971/2

() 42=V4=%2
(b) 164 =163 =(2)* =8

(Note that it does not matter whether the 4th root of 16 is found
first or whether 16 cubed is found first-the same answer will
result.)

(¢) 273 =272 =032 =9

1 1 1 1
cpo Lt 1,1
@& 9 =5r= 5= 13~ %3

Now try the following exercise

In Problems 1 to 12, simplify the expressions given, express-
ing the answers in index form and with positive indices:

1. (a) 33 x3* (b) 42 x4>x4*
2. (@) 22x2x22 (b) PxT*xTx7

24 37
3. (@ 23 (b) 32
4. (a) 55+=5° (b) 713,710
5. (7Y () 3

6. () (15%)° (b) A7)

; (a) 22;23 (b) 37;34

8. @ 525><753 ®) 131><35132
@ S o G
10. (a) g ) > ;374



16 Basic Engineering Mathematics

23 %274 %2’
2x272x26

72 %773
7T x 74

11. (a) (b)

577 x 52
. 1372x 13*x 1373 (b)) ———
12. (a) 13 x X X (b) P

3.3 Further worked problems on indices

3X57

Problem 8. Evaluate ————
roblem valu %3

The laws of indices only apply to terms having the same base.
Grouping terms having the same base, and then applying the laws
of indices to each of the groups independently gives:

3 7 3 7
3 xS 3 S e 503
3

$x3t 3 "5

54 625 1
= =208=

=3"x5 ==
x 3173 3

23 x 3% x (7%)?

Problem 9. Find the value of T X 0t % 3

23 x 3% x (7?)?

T x 24k 33
=2""x32x7"=-x32x1
_ 24l
2 2
415 5 g1/3
Problem 10. Evaluate: Vv ETH

415 =P = /43 =23=8,8'7=8=2,22=4

32725 = ! = ! :izl
322/5 J322 22 4
415 % 8173 8x2 16
H = =—=16
23 T ax I
Alternatively,
41.5 X 81/3 _ [(2)2]3/2 X (23)1/3 _ 23 X 21
22 % 32725 T 22 % (25)72/5 T 22 x 22

— 23H1-2-(-2) _ 24 _ 16

32 x5 433x5

Evaluate: x5

Problem 11.

Dividing each term by the HCF (i.e. highest common factor) of
the three terms, i.e. 32 x 5°, gives:

3?2 x5 3P xS

3 x5 +3 x5 x5 T3 x5
34 x 54 B 3% x 54
32 x 53

32-2) 5 56-3) 4 36-2) 50
= 3@-2) % 5(4-3)

30 x 52 43 x50

32 x 5!
_ 1x25+3x1 28
a 9%x5 T 45
32 x5°

Problem 12. Find the value of m

To simplify the arithmetic, each term is divided by the HCF of
all the terms, i.e. 32 x 5°. Thus

32 x 5°

3 x5 32 x 53
x5 133 x 5 3 x5t 3P x5
32 x5 32x53

32-2) y 5(-3)
3(4-2) x 5@-3) 1 36-2) x 56-3)

30 x 52
32 x 51 431 x 50
25 25

45+3 48

=3 x 34
Problem 13. W,

answer in index form with positive indices.

Simplify expressing the

1 1 1
Since 773 = 33— 32 and 3= 52 then
73 %3 3 x32x5?
32x 5 x 52 PBxTS

36442 o 52 36 5 &2
76+ 78




162 x 972

. Ax 33273 % 82
answer in index form with positive indices.

Problem 14. Simplify expressing the

Expressing the numbers in terms of their lowest prime numbers
gives:
16% x 972
4x33 -2 x8

(24)2 X (32)72
22 %37 =273 x (23

_ 28 x 374
722 %33 —2-3 %26
_ 28 x 374
223323
Dividing each term by the HCF (i.e. 22) gives:
28 x 374 _26><3_4_ 26
2 x33-237 332 T 3433-2)

Problem 15. Simplify
4\° 3\ 2

) < (2

() (3
o\ 3

5

giving the answer with positive indices.

A fraction raised to a power means that both the numerator
and the denominator of the fraction are raised to that power,

VAN

ie. |- ) ===
( 3 ) 33

A fraction raised to a negative power has the same value as the

inverse of the fraction raised to a positive power.

3\7 1 L_ 2%
—_ = = = X —= —
5 32 32 32

2\ 5\ 9
Similarly, §> = (E) =%
2

() () 43

- x[= R

3 5 33 7 32
3

43 52 23
TE Rt

(22)3 X 23 29

- 306+2) % 53-2) - 35 x5

Thus,

Thus,
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Now try the following exercise

In Problems 1 and 2, simplify the expressions given,
expressing the answers in index form and with positive
indices:

33 x 5% 72 %372
L. (a) 4 5, 24 (b) 5 o 74 -3
54x3 PxT+xT
42 x 93 8 2x52x3*
2. (a 3« 34 (b) Y 2
83 x3 252 x2%x9

1\
3. Evaluate (a) (3—2> (b) 8102

4\ 12
(©) 1614 (d) <§>

In problems 4 to 10, evaluate the expressions given.
4 92 x 74 33 x 52
"M x T4 433x 72 23 %x32-82x9

PxTP-52x7 24 =372 x 4*

6.
32 x5x7? 23 x 162
1 3 2 -2 4 4
2 3 3
3\? 2\?
(3) (5)
32)3/2 5 (81/3)2
10. (37)7° x (8'7°)

GP x @)% (9) 172

6.2 Laws of Indices

The laws of indices are:

(1) a x a =am+n
m

(11) _; —
a

(iii) (a™)" =a™
@iv) a"'" =am
W) ar=—

a
i) a®=1
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Quadratic equations

10.1 Introduction to quadratic

equations

An equation is a statement that two quan-tities are equal and to
‘solve an equation’ means ‘to find thevalue of theunknown’.
The value of the unknown is called theroot of the equation.
A quadratic equation is one in which the highest powerof
the unknown quantity is 2. For example,
x2—3x+1=0isa
quadratic equation.
There are four methods of solving quadratic equations.

These are: (i) by factorization (where possible)
(ii) by ‘completing the square’
(iii) by using the ‘quadratic formula’

or (iv) graphically

10.2 Solution of quadratic equations by
factorization

Multiplying out (2x + 1)(x —3) gives 2x?> —6x+x—3, i.e.
2x% — 5x — 3. The reverse process of moving from 2x? — 5x — 3
to (2x + 1)(x — 3) is called factorizing.

If the quadratic expression can be factorized this provides the
simplest method of solving a quadratic equation.

For example, if 2x> — 5x — 3 =0, then, by factorizing:

2x+1)(x—-3)=0
Hence either 2x+1)=0 i.e.
or x—3)=0 ie.

=

xX=—
x=3

The technique of factorizing is often one of ‘trial and error’.

Problem 1. Solve the equations (a) x>+2x—8=0
(b) 3x2 — 11x — 4 =0 by factorization.

(a) x*>+2x —8=0. The factors of x> are x and x. These are
placed in brackets thus: (x  )(x )

The factors of —8 are +8 and —1, or —8 and +1, or +4
and —2, or —4 and +2. The only combination to give a mid-
dle term of +2x is +4 and —2, i.e.

X 42x—8=(x+4)(x—2)

(Note that the product of the two inner terms added to the
product of the two outer terms must equal the middle term,
+2x in this case.)

The quadratic equation x?>+2x—8=0 thus becomes
x+4(x—2)=0.

Since the only way that this can be true is for either the first
or the second, or both factors to be zero, then
x=—4

x=2

either (x+4)=0 i.e.
or (x—2)=0 i.e.

Hence the roots of x> +2x — 8 =0 are x = —4 and 2

(b) 3x* —11x—4=0
The factors of 3x? are 3x and x. These are placed in brackets
thus: 3x )(x )
The factors of —4 are —4 and +1, or +4 and —1, or —2
and 2.

Remembering that the product of the two inner terms added
to the product of the two outer terms must equal —11x, the
only combination to give this is +1 and —4, i.e.

33— 1lx—4=0Cx+ D(x—4)



The quadratic equation 3x*> — 11x —4=0 thus becomes
BGx+1DHx—4)=0

Hence, either 3x+1)=0 i.e.
or x—4)=0 ie.

and both solutions may be checked in the original equation.

Problem 2. Determine the roots of (a) x> —6x4+9=0,
and (b) 4x> — 25 =0, by factorization.

(a) x> —6x+9=0. Hence (x —3)(x —3)=0, i.e. (x—3)>=0
(the left-hand side is known as a perfect square). Hence
x =3 is the only root of the equation x> — 6x +9 =0.

Problem 4. The roots of a quadratic equation are % and
—2. Determine the equation.

If the roots of a quadratic equation are o and S then

(r—a)x — B)=0

1
Hence if o = 3 and f = —2, then

(x=5)w=-2m=0
! 2)=0
(v-3)e=

1 2
2 _
(b) 4x> —25=0 (the left-hand side is the difference of two X ogxtx—2=0
squares, (2x)% and (5)?). Thus (2x 4+ 5)(2x — 5)=0 , 5 2
Hence either 2x+5)=0 ie. x=-3 o 3737 0
or 2x—5=0 ie x=3 Hence 3 45x—2 =0
Problem 3. Solve the following quadratic equations by Problem 5. Find the equations in x whose roots are

factorizing: (a) 4x*> 4+ 8x +3 =0 (b) 15x> +2x — 8 =0.

(a) 5and —5 (b) 1.2 and —0.4.

(a) 4x> + 8x + 3 =0. The factors of 4x? are 4x and x or 2x and
2x.The factors of 3 are 3 and 1, or —3 and — 1. Remembering
that the product of the inner terms added to the product of
the two outer terms must equal +8x, the only combination
that is true (by trial and error) is

(4x> +8x+3)=(2x+3)2x + 1)
Hence (2x 4 3)(2x + 1) = 0 from which, either
2x+3)=0o0or2x+1)=0

Thus 2x = —3, from which x=—%
or 2x=—1, from which x=—%

which may be checked in the original equation.

(b) 15x% 4+ 2x — 8 =0. The factors of 15x? are 15x and x or 5x
and 3x. The factors of —8 are —4 and +2, or4 and —2, or —8
and +1, or 8 and —1. By trial and error the only combination
that works is

15x% +2x — 8 = (5x + 4)(3x — 2)

Hence (5x 4+ 4)(3x — 2) =0 from which
either Sx +4=0
or 3x—2=0

Hencex=—§ orx=%

which may be checked in the original equation.

(a) If 5 and —5 are the roots of a quadratic equation then
x—=5)x+5)=0
ie. x*2—S5x+5r—25=0
ie. x?—=25=0
(b) If 1.2 and —0.4 are the roots of a quadratic equation then
x—12)x+04)=0
ie. x>—12x+04x—048=0
ie. x?—0.8x—0.48=0

Now try the following exercise

In Problems 1 to 12, solve the given equations by
factorization.

1. x> +4x—32=0 2. x> —16=0

3. (x+2)?%=16 4, 2% —x—3=0
5. 6x2—5x+1=0 6. 10x*>+3x—4=0
7. x> —4x+4=0 8. 21x* —25x=4
9. 8x2+13x—6=0 10. 5x>+13x—6=0

11. 6x* —5x—4=0 12. 8x? +2x—15=0




In Problems 13 to 18, determine the quadratic equations in
x whose roots are

13. 3and 1
16. 2% and —%

14. 2 and —5
17. 6 and —6

15. —1 and —4
18. 2.4 and —0.7

10.3 Solution of quadratic equations by

‘completing the square’

An expression such as x2 or (x + 2)? or (x — 3)? is called a perfect
square.

Ifx2=3thenx=++/3
If(x+2)°=5thenx+2=++Sandx=—-2+./5
If x —3)?=8thenx —3==4+8andx=3+/8

Hence ifa quadratic equation can be rearranged so that one side of
the equation is a perfect square and the other side of the equation
is a number, then the solution of the equation is readily obtained
by taking the square roots of each side as in the above examples.
The process of rearranging one side of a quadratic equation into a
perfect square before solving is called ‘completing the square’.

(x+a) =x*+2ax + d®

Thus in order to make the quadratic expression x* 4 2ax into a
perfect square it is necessary to add (half the coefficient of x)?

i <2a)2 5
1.C. —_— ora
2

For example, x>+ 3x becomes a perfect square by adding

3\?2 3\?2

2
3 2) = z
2o (5) = (x+3)

The method is demonstrated in the following worked problems.

Problem 6. Solve 2x*>+5x=3 by ‘completing the
square’.

The procedure is as follows:

1.

Rearrange the equation so that all terms are on the same side of
the equals sign (and the coefficient of the x? term is positive).

Hence 2x% +5x —3=0

. Make the coefficient of the x? term unity. In this case this is

achieved by dividing throughout by 2. Hence

2x2+5x 3_0
2 2 2

5 3
24 x—2=0
1.e x+2x 2
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. Rearrange the equations so that the x> and x terms are on one

side of the equals sign and the constant is on the other side.
Hence

. Addto both sides of the equation (half the coefficient of x)?. In

5
this case the coefficient of x is 7" Half the coefficient squared

5\2
is therefore (Z) . Thus

2 S (Y 234 (3Y
T T\L) T2\

The LHS is now a perfect square, i.e.

(+3) =3+ ()

. Evaluate the RHS. Thus

+5 2 3+25 24425 49
X — = — —_— = = —
4 216 16 16

. Taking the square root of both sides of the equation

(remembering that the square root of a number gives a
=+ answer). Thus

5 7
x=—-+-
4 4
5+7 2 1
1.€ = —-- i
YTT4T4T1T
5 7 12
and x=—-—-—-=——=-3
4 4 4
Hence x=% or —3 are the roots of the equation

2x2 4+ 5x=3

Problem 7. Solve 2x% 4+ 9x +8 =0, correct to 3 signifi-
cant figures, by ‘completing the square’.

Making the coefficient of x? unity gives:

> 9
X +§x+4=0
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9
and rearranging gives: x% 4 Ex =—4

Adding to both sides (half the coefficient of x)? gives:

2 0 (O Z(OY s
T T\g) T s

The LHS is now a perfect square, thus

N 9\2 81 A 17
X — = — — = —
4 16 16

Taking the square root of both sides gives:

X+ =
16

1=
9
Hence x:—Z:tl.O3l
i.e.x =—1.22 or —3.28, correct to 3 significant figures.

Problem 8. By ‘completing the square’, solve the
quadratic equation 4.6y? +3.5y —1.75=0, correct to
3 decimal places.

4.6)°+35p—175=0

Making the coefficient of y? unity gives:

3.5 1.75
2
>,
i we
and rearranging gives:

», 35 L5
YT 36" T 46

Adding to both sides (half the coefficient of y)* gives:

2 35 L (33 _1.75+g2
P46 \92) T a6 o2
The LHS is now a perfect square, thus

3.5\
27 ) =0.5251654
(+53)

Taking the square root of both sides gives:

y -I— — =4/0.5251654 = £0.7246830
3.5
Hence y=———=20.7246830
9.2
ie. y=0.344 or -1.105

Now try the following exercise

In Problems 1 to 6, solve the given equations by completing
the square, each correct to 3 decimal places.

. X2 4+4x+1=0 2. 2x24+5x—4=0
3.3x2—x—5=0 4, 5x>—8x+2=0
5. 42— 11x4+3=0 6. 2x24+5x=2

10.4 Solution of quadratic equations by
formula

Let the general form of a quadratic equation be given by:
ax?> + bx+c¢=0 where a, b and c are constants.

Dividing ax? + bx + ¢ =0 by a gives:
b
Pt 2x+ =0
a a

Rearranging gives:

, b c
X4 —x=—-
a a

Adding to each side of the equation the square of half the
coefficient of the term in x to make the LHS a perfect square

gives:
+ b + AN = i 2 -
x x 2a) " \2a a

Rearranging gives:

+b 2 b? c_b2—4ac
u a) T a2 a4 a2

Taking the square root of both sides gives:

+£_ b2 —4ac _:l:«/b2—4ac
YT 42 )T 2a

b b2 —4ac
Hence X=——* —
2a 2a

—b++/b? —4ac

i.e. the quadratic formula is x = >
a

(This method of solution is ‘completing the square’ — as shown
in Section 10.3.)



Summarizing:

—b+Vb*—4ac

ifax>+bx+c¢=0 then x=
2a

This is known as the quadratic formula.

Problem 9. Solve (a)x?+2x —8=0and
(b) 3x2 — 11x — 4 =0 by using the quadratic formula.

(a) Comparing x*>+42x—8=0 with ax>+bx+c=0 gives
a=1,b=2and c=-8
Substituting these values into the quadratic formula

—b+Vb? —4dac .
X=——" ¢

24 1VesS:

2427 —4()(-8) 2+ 4+32
- 2(1) - 2
_ —2+436 246
- 2 2

246 —2-6
= or

2 2

4 -8
Hence x = 2= 2or 3= —4 (as in Problem 1(a)).

(b) Comparing 3x?> — 11x —4 =0 with ax?> 4+ bx +c =0 gives
a=3,b=—11 and ¢ = —4. Hence

—(=11) £ \/(=11)2 — 4(3)(—4)
2(3)
+11+£/121+48 11 ++/169
6 - 6
11+13  11+13 11—-13
6 6 " s

-2

24 1
Hence x = = 4 or <=3 (as in Problem 1(b)).

Problem 10. Solve 4x*>+7x+42=0 giving the roots
correct to 2 decimal places.

Comparing 4x> +7x+2=0 with ax?> +bx+c gives a=4,
b=7and c=2.

Hence
=7+ JVI(7)?* — 4(4)(2)] 2
2(4) N 8
—7+4.123 —7+4.123 —7—4.123
= or
8 8 8

Hence x = —0.36 or —1.39, correct to 2 decimal places.
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Problem 11. Use the quadratic formula to solve
2
x—: + 1= 7 correct to 4 significant figures.
x—

Multiplying throughout by 4(x — 1) gives:
(x+2) 3
4x—1)—— =4(x— 1)(7
T DT =4 D)
ie. x—DEx+2)+#3)=28(x—1)
¥ +x—2+12=28x—28
x?—27x+38=0

4(x—1)

Hence

Using the quadratic formula:

L —(=27) £ /(=27)2 — 4(1)(38)
o 2

27+ /577 27 +£24.0208

2 2
27 +24.0208
Hence x= — =25.5104
or x:27_224'0208:1.4896

Hence x =25.51 or 1.490, correct to 4 significant figures.

Now try the following exercise

In Problems 1 to 6 solve the given equations by using the
quadratic formula, correct to 3 decimal places.

1. 2x24+5x—4=0 2. 5.76x*+2.86x—1.35=0

3
3. 202 —Tx+4=0 4. 4x+5=2=
X
5 1
5. Qe41)= 6“3
x—3 x—1




Logarithms

14.1 Introduction to logarithms

With the use of calculators firmly established, logarithmic tables
are now rarely used for calculation. However, the theory of
logarithms is important, for there are several scientific and
engineering laws that involve the rules of logarithms.

If a number y can be written in the form a*, then the index x
is called the ‘logarithm of y to the base of a’,

ie. if y=a* thenx=log,y

Thus, since 1000 = 103, then 3 = log;y 1000
Check this using the ‘log’ button on your calculator.

(a) Logarithms having a base of 10 are called common loga-
rithms and log,, is usually abbreviated to lg. The following
values may be checked by using a calculator:

1g17.9 =1.2528...,1g462.7 =2.6652...

and 1g0.0173 =—-1.7619 ...

(b) Logarithms having a base of e (where ‘e’ is a mathematical
constant approximately equal to 2.7183) are called hyper-
bolic, Napierian or natural logarithms, and log. is usually
abbreviated to In. The following values may be checked by
using a calculator:

In3.15=1.1474...,In362.7 = 5.8935 ...

and In0.156=—1.8578 ...

For more on Napierian logarithms see Chapter 15.

14.2 Laws of logarithms

There are three laws of logarithms, which apply to any
base:

(1) To multiply two numbers:

log(4 x B)=log A + log B

The following may be checked by using a calculator:

lgl0=1,
also lg5+1g2=0.69897...+0.301029...=1
lg(5x2)=1g10=1g5+1g2

(i1) To divide two numbers:

Hence

A
log <E> =logA4 —logB

The following may be checked using a calculator:
5
In (5) =In2.5=0.91629...

Also In5—In2=1.60943...—-0.69314...
=0.91629...
Hence In (%) =In5—1In2

(iii) To raise a number to a power:

log A" =nlog A

The following may be checked using a calculator:
g5 =1g25=1.397%...
Also 21g5=2x%0.69897...=1.39794 ...

Hence lg52=2Ig5

Problem 1. Evaluate (a)log; 9  (b)log;, 10 (c)log;s 8




(a) Letx=1log; 9 then 3* =9 from the definition of a logarithm,
i.e. 3* =32, from which x = 2.
Hence log; 9=2
(b) Let x=log;;, 10 then 10* =10 from the definition of a
logarithm, i.e. 10* = 10!, from which x = 1.
Hence log;, 10 =1 (which may be checked by a calculator).
(c) Let x=1log, 8 then 16* =8, from the definition of a loga-
rithm, i.e. (2*)* =23, i.e. 2% =23 from the laws of indices,
from which, 4x =3 and x = %
Hence log,, 8 = %

1
Problem 2. Evaluate (a) Ig0.001 (b)Ine (c)log; 31

(a) Let x=1g0.001 =1log;,0.001
10 = 1073, from which x = —3

Hence 1g0.001 =—3 (which may be checked by a
calculator).

then 10°=0.001, i.e.

(b) Letx=Ine=1log, ethene* =e,i.e.e* =e! from whichx =1

Hence In e =1 (which may be checked by a calculator).

1 1
then 3*= — = — =3"%, from which

Let x=1 -
(¢) Let x=logs &7 81 34

x=-—4

1
H log;— = —4
ence 0g381

Problem 3. Solve the following equations:
(a)lgx=3 (b)log,x=3 (c)logsx=—-2

(a) Iflgx=3 then log;yx=3 and x = 10?, i.e. x = 1000
(b) Iflogyx=3thenx=23=8

1
(c) Iflogs x=—2thenx=5"2= =3

Problem 4. Write (a)log30 (b)log450 in terms of log 2,
log 3 and log 5 to any base.

(a) log30=1log(2 x 15)=1log(2 x 3 x 5)
=log2 +1log3+1log$S
by the first law of logarithms
(b) log450=1log(2 x 225)=1og(2 x 3 x 75)
=log(2 x 3 x 3 x25)
=1log(2 x 3% x 5%)
=1log2 + log3? +log 52
by the first law of logarithms
ie  log450=1log2+2log3+2log5
by the third law of logarithms

4

8 5
Problem 5. Write log (21«[) in terms of log 2, log 3

and log 5 to any base.

=log 8 + log /5 — log 81, by the first
and second laws of logarithms
=log 23 +log 50/ —log 3*

by the laws of indices

8 x /5
log 21

1
=3log2+Zlog5—4log3

. ) <8><\4@
i.e log
81

by the third law of logarithms

Problem 6. Simplify log 64 — log 128 4 log 32

64=26,128 =27 and 32 =2°
Hence log 64 — log 128 + log 32 =log 2° — log 27 +1og 2°
=6log2—"7log2+5log2
by the third law of logarithms
=4log2

log 25 — log 125 + 1 log 625

Problem 7. Evaluate
3log5

log25 —log 125 + 110g 625  log 5% — log5* + 1 log5*

3log5 3log5
2log5—3log5+ %logS
- 3log5
llog5 1
3 log 5 ~3
Problem 8. Solve the equation:

log(x — 1)+ log(x+ 1) =2 log(x + 2)

log(x — 1) + log(x + 1) =log(x — 1)(x + 1) from the first

law of logarithms
=log(x* — 1)

2log(x + 2) =log(x + 2)* = log(x? + 4x + 4)

Hence if log(x? — 1) =log(x* +4x +4)
then 2—1)=x2+4x+4
ie. —1=4x+4



Now try the following exercise

In Problems 1 to 11, evaluate the given expression:

1. log;, 10000 2. log, 16 3. logs 125

1
4. log, 3 5. logg 2 6. log, 343
7. 1g100 8. 1g0.01 9. log, 8
10. log,,; 3 11. Iné?

In Problems 12 to 18 solve the equations:

12. log,gx=4 13. logx=5

1
14. log;x=2 15. log4x:—2i

4
16. lgx=-2 17. loggx:fg
18. Inx=3

of log 2, log 3 and log 5 to any base:

19. log 60 20. log 300
16 x /5 125 x /16
21. log x5 22, log [ 22Y 2
27 Y313

Simplify the expressions given in Problems 23 to 25:

23. log 27 — log 9 + log 81

24. log 64+ log 32 —log 128

25. log 8 —log 4 + log 32

Evaluate the expressions given in Problems 26 and 27:

%log16—%log8
log4

log9 —log 3 + % log 81

2log3

Solve the equations given in Problems 28 to 30:

27.

28. logx* — log x* = log 5x — log 2x
29. log2t> —logt=1log 16 +logt
30. 2logb* —3log b =log 8h — log 4b

In Problems 19 to 22 write the given expressions in terms




Number sequences

29.1 Simple sequences

A set of numbers which are connected by a definite law is called
a series or a sequence of numbers. Each of the numbers in the
series is called a term of the series.

For example, 1, 3, 5, 7, . .. is a series obtained by adding 2 to the
previous term, and 2, 8, 32, 128, ... is a sequence obtained by
multiplying the previous term by 4.

Problem 1. Determine the next two terms in the series:
3,6,9,12,....

We notice that the sequence 3, 6,9, 12, . . . progressively increases
by 3, thus the next two terms will be 15 and 18.

Problem 2. Find the next three terms in the series:
9,51,....

We notice that each term in the series 9, 5, 1, ... progressively
decreases by 4, thus the next two terms will be 1 — 4, i.e. =3 and
—3—4,ie. 7.

Problem 3. Determine the next two terms in the series:
2,6,18,54,....

We notice that the second term, 6, is three times the first
term, the third term, 18, is three times the second term, and
that the fourth term, 54, is three times the third term. Hence
the fifth term will be 3 x 54 =162 and the sixth term will be
3x162=486

Now try the following exercise

Determine the next two terms in each of the following series:

1. 5,9,13,17, ... 2.3,6,12,24, ...
3. 112,56,28, ... 4.12,7,2,...
5.2,5,10,17,26,37, ... 6. 1,0.1,0.01, ...
7.4,9,19,34, ...

29.2 The n’th term of a series

If a series is represented by a general expression, say, 2n + 1,
where # is an integer (i.e. a whole number), then by substituting
n=1,2,3,... the terms of the series can be determined; in this
example, the first three terms will be:
2(h+1,22)+ 1,23)+1,..., ie. 3,57,...
What is the n'th term of the sequence 1, 3, 5, 7, ... ? Firstly, we

notice that the gap between each term is 2, hence the law relating
the numbers is:

2n + something’

The second term, 3 =2n + something,

hence when n=2 (i.e. the second term of the series), then
3 =4+ something and the ‘something’ must be —1. Thus the
n'th term of 1, 3, 5, 7, ... is 2n — 1. Hence the fifth term is
given by 2(5) — 1 =9, and the twentieth term is 2(20) — 1 =39,
and so on.

Problem 4. The n'th term of a sequence is given by 3n + 1.
Write down the first four terms.




The first four terms of the series 3n + 1 will be:
3(Hh+1,32)+1,33)+ 1
ie. 4,7,10 and 13

and 3(4)+1

Problem 5. The n'th term of a series is given by 4n — 1.
Write down the first four terms.

The first four terms on the series 4n — 1 will be:
4(1)—1,42)—1,43)—1 and 44)—-1

ie. 3,7,11 and 15

Problem 6. Find the n'th term of the series:
1,4,7,....

We notice that the gap between each of the given three terms is
3, hence the law relating the numbers is:

‘3n + something’
The second term, 4 = 3n 4 something,
so when n =2, then 4 = 6 + something,
so the ‘something’ must be —2 (from simple equations).

Thus the n’th term of the series 1,4,7,...is:3n—2

Problem 7. Find the n'th term of the sequence: 3, 9, 15,
21, .... Hence determine the 15th term of the series.

We notice that the gap between each of the given four terms is 6,
hence the law relating the numbers is:

‘6n + something’
The second term, 9 = 61 + something,
so when n =2, then 9 =12 4+ something,
so the ‘something’ must be —3
Thus the »’th term of the series 3,9, 15,21, ...is:6n—3
The 15th term of the series is given by 6n — 3 when n = 15.

Hence the 15th term of the series 3,9, 15, 21, . . . is:
6(15)—3=87

Problem 8.
16,25, ....

Find the »'th term of the series: 1, 4, 9,

This is a special series and does not follow the pattern of the
previous examples. Each of the terms in the given series are
square numbers,

ie. 1,4,9,16,25,...=12,22,32,42,52 ...

Hence the n’th term is: n?
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Now try the following exercise

1. The n'th term of a sequence is given by 2n — 1. Write
down the first four terms.

2. The n'th term of a sequence is given by 3n + 4. Write
down the first five terms.

3. Write down the first four terms of the sequence given by
Sn+1

Find the »'th term in the following series:

4. 5,10, 15, 20, . .. 5. 4,10,16,22, ...
6.3,5709,... 7. 2,6,10,14, ...
8.9,12,15,18, ... 9. 1,8,27,64, 125, ...

29.3 Arithmetic progressions

When a sequence has a constant difference between successive
terms it is called an arithmetic progression (often abbreviated
to AP).

Examples include:
(i) 1,4,7,10, 13,...where the common difference is 3,

and (ii) a,a+d,a+2d,a+3d, ... where the common

difference is d.

If the first term of an AP is ‘a’ and the common difference is
‘d’ then

the n'thtermis :a+ (n — 1)d

In example (i) above, the 7th term is given by 1 + (7 — 1)3 =19,
which may be readily checked.

The sum S of an AP can be obtained by multiplying the average
of all the terms by the number of terms.

a+1 .
The average of all the terms = ——, where ‘a’ is the first term

and / is the last term, i.e. / =a + (n — 1)d, for n terms.

Hence the sum of # terms,

sn=n<“;l> = 2a+a+ (= Da)

ie. S, = ;[Za +(n—1)d]
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For example, the sum of the first 7 terms of the series 1, 4, 7,
10, 13, ... is given by

S;=3[2()+(7—1)73],
=71[2+18]=1[20]=70

sincea=1 and d=3

29.4 Worked problems on arithmetic
progression

Problem 9. Determine (a) the ninth, and (b) the sixteenth
term of the series 2,7, 12, 17, ....

2,7,12, 17, ... is an arithmetic progression with a common
difference, d, of 5

(a) The n'th term of an AP is given by a + (n — 1)d
Since the firstterma=2,d =5and n=9

then the 9th term is:
2400 -1D5=24+@8)5) =2+40=42
(b) The 16th term is:

24(16—1)5=2+(15)5)=2+75="177

Problem 10. The 6th term of an AP is 17 and the 13th term
is 38. Determine the 19th term.

The n'th term of an AP isa+ (n — 1)d

The 6th term is:
The 13th term is:

a+5d=17 (M

a+12d =38 )

Equation (2) — equation (1) gives: 7d =21, from which,
1

2
d=—=3
7

Substituting in equation (1) gives: @ + 15 = 17, from which,a =2
Hence the 19th term is:
a+mn—1)d=2+(19-1)3=24(18)(3)
=2+4+54=56

Problem 11. Determine the number of the term whose
value is 22 in the series 2%, 4, 5%, 7, ...

1 1 1 1
2—,4,5=,7,... isan AP wherea=2—-andd =1~
2 2 2 2

Hence if the n'th term is 22 then: a + (n — 1)d =22

n—1=—==13 andn=13+1=14

i.e. the 14th term of the AP is 22

Problem 12. Find the sum of the first 12 terms of the series
5,9,13,17,....

5,9,13,17,...isan AP wherea=5and d =4

The sum of n terms of an AP,
n
Sy = E[ZQ + (n — 1)d]
Hence the sum of the first 12 terms,

12
Siz = —[260)+ (12— 14]

6[10 + 44] = 6(54) = 324

Problem 13. Find the sum of the first 21 terms of the series
35,4.1,47,53,....

3.5,4.1,4.7,5.3,...isan AP where a=3.5and d =0.6

The sum of the first 21 terms,

21
So =5 [2a+(n—1)d]

21 21
=S 26G.5)+@1-Do.6]="[7+12]

21 399
="-(199==2=199.5
2 2

Now try the following exercise

1. Find the 11th term of the series 8, 14, 20, 26, . ...
2. Find the 17th term of the series 11, 10.7,10.4, 10.1, . . ..

3. The seventh term of a series is 29 and the eleventh term
is 54. Determine the sixteenth term.

4. Find the 15th term of an arithmetic progression of which

the first term is 2% and the tenth term is 16.




5. Determine the number of the term which is 29 in the
series 7,9.2,11.4,13.6, ....

6. Find the sum of the first 11 terms of the series 4, 7,
10,13, ....

7. Determine the sum of the series 6.5,8.0,9.5,11.0, . ..,32

29.5 Further worked problems on
arithmetic progressions

Problem 14. The sum of 7 terms of an AP is 35 and the
common difference is 1.2. Determine the first term of the
series.

n=7,d=12and S;=35
Since the sum of n terms of an AP is given by

S, = g[2a+(n —1)d], then

7 7
35= 7020+ (7= D12]=2[2a+72]

2
Hence =2a+7.2

10=2a+7.2

2.
Thus 2a =10 — 7.2 =2.8, from which a = 78 =14

i.e. the first term,a =1.4

Problem 15. Three numbers are in arithmetic progression.
Their sum is 15 and their product is 80. Determine the three
numbers.

Let the three numbers be (a — d), a and (a + d)
Then (a —d)+a+ (a+d)=15,i.e. 3a =15, from which, a =5
Also, a(a — d)(a+d) =80, i.e. a(a> — d*) =80

a=5,5(5*—d*) =80
125 —5d%* =80

125 — 80 =542

45 =54?

Since

45
from which, d% = <= 9.Hence d =+/9==+3

The three numbers are thus (5 — 3), 5Sand (54 3),1.e. 2,5and 8

Problem 16. Find the sum of all the numbers between 0
and 207 which are exactly divisible by 3.

The series 3, 6,9, 12, ... 207 is an AP whose first term @ = 3 and
common difference d =3
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The last term is a + (n — 1)d =207

ie. 3+ (n—1)3=207, from which
207 -3
(n—1)= =

3
Hence n=68+1=069

68
The sum of all 69 terms is given by
Seo = g[2a +(n—1)d]

69
= 7[2(3) +(69—-1)3]

69 69
= 7[6 +204]= 7(210) =17245

Problem 17.  The first, twelfth and last term of an arith-
metic progression are 4, 31 %, and 376% respectively. Deter-
mine (a) the number of terms in the series, (b) the sum of
all the terms and (c) the 80’th term.

(a) LettheAPbea,a+d,a+2d,...,a+(n—1)d, wherea=4
The 12th term is: a + (12 — l)d:31%

ie. 4+11d=313, from which,
11d =311 —4=271

274 1
Henced = —2%2 =2—
1 2

The last term is a + (n — 1)d
ie. 4+n—1)(21)=3761
3761 —4 3721

=T 2 149
23 23

(l’l—]):

Hence the number of terms in the series,

n=149+1=150
(b) Sum of all the terms,

Siso = g[Za T+ (n—1)d]

150 1
= [2(4)+(150— 1)(25”

=75 [84—(149)(2%)] =75[8 +372.5]
=75(380.5) = 28537.5
(c) The 80th term is:
a+(n—1)d=4+(80—1)(2})
=4+(79)(21)
=4+197.5=201}
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Now try the following exercise

1. The sum of 15 terms of an arithmetic progressionis 202.5
and the common difference is 2. Find the first term of
the series.

2. Three numbers are in arithmetic progression. Their sum
is 9 and their product is 20%. Determine the three
numbers.

3. Find the sum of all the numbers between 5 and 250 which
are exactly divisible by 4.

4. Find the number of terms of the series 5, 8, 11, ... of
which the sum is 1025.

5. Insert four terms between 5 and 22% to form an arith-
metic progression.

6. The first, tenth and last terms of an arithmetic progression
are 9, 40.5, and 425.5 respectively. Find (a) the num-
ber of terms, (b) the sum of all the terms and (c) the
70th term.

7. On commencing employment a man is paid a salary
of £7200 per annum and receives annual increments of
£350. Determine his salary in the 9th year and calculate
the total he will have received in the first 12 years.

8. Anoil company bores a hole 80 m deep. Estimate the cost
of boring if the cost is £30 for drilling the first metre with
an increase in cost of £2 per metre for each succeeding
metre.

29.6 Geometric progressions

When a sequence has a constant ratio between successive terms
it is called a geometric progression (often abbreviated to GP).
The constant is called the common ratio, r

Examples include
(i) 1,2,4,8, ... where the common ratio is 2,

and (ii) a,ar,ar?,ar’,... where the common ratio is »

If the first term of a GP is ‘a’ and the common ratio is 7, then

the n'th term is : ar™™!

which can be readily checked from the above examples.
For example, the 8th term ofthe GP 1,2,4, 8, .. .is (1)(2)” =128,
sincea=1andr=2

Leta GP be a,ar,ar?,ar?, ... ar"!

then the sum of n terms,
Sy=a+ar+ar* +ar’ +- - Fa"" ... 0]
Multiplying throughout by r gives:
rSy=ar+ar? +ar +ar* +--ar" a2
Subtracting equation (2) from equation (1) gives:

S, —rS,=a—ar"

ire. S,(1—-r)y=a(l—r")

_al—r")

Thus the sum of n terms, | S, = ﬁ which is valid
-r

when 7 < 1

Subtracting equation (1) from equation (2) gives

_a("—1)

= ——— | which is valid when r > 1
(r—1)

n

For example, the sum of the first § terms of the GP 1, 2, 4,
8, 16, ... is given by

128 -1
ngy, sincea=1andr=2
2-1
1256 — 1
i-e. 8:¥:255

When the common ratio » of a GP is less than unity, the sum of
n terms,
a(l—r")

S =0T
a

, which may be written as

ar”

&za—n_a—o

Since r < 1, 7" becomes less as n increases,

ie. m—>0 as n—>o0
ar”
Hence —0 as n—o0
1-r
a
Thus S, — as n— o0
RRCES)

The quantity I 4

is called the sum to infinity, S, and is the

limiting value of the sum of an infinite number of terms,

ie. | Swo=—2—"|whichisvalid when —1 <r <1
(1-r)

For example, the sum to infinity of the GP 1, %, i, ... 18

Soo = sincea:landr:%,i.e.Soo=2

1°

2




29.7 Worked problems on geometric
progressions

Problem 18. Determine the tenth term of the series 3, 6,
12,24, ....

3,6, 12,24, ... is a geometric progression with a common ratio
rof2

The n'th term of a GP is ar"~!, where a is the first term. Hence
the 10th term is:

3)2)' ' =(3)(2)° =3(512) = 1536

Problem 19. Find the sum of the first 7 terms of the series,

1 11 41 121
3> 13,45, 135,....
%,1%’4%,13%,...isaGPwithacommonratior:3
1
—1
The sum of » terms, S,,:L)
(r=1
1,27 1
53" =1 ~(2187 —1
HenceS7:2( ):2( )2546%
B-1 2

Problem 20. The first term of a geometric progression is
12 and the fifth term is 55. Determine the 8th term and the
11th term.

The 5th term is given by ar* = 55, where the first term a = 12

55 55 55
Hence r*="="andr= 4| = ) =1.4631719....
a 12 12

The 8th term is
ar’ =(12)(1.4631719...) =172.3
The 11th term is

ar'® = (12)(1.4631719....)'° = 539.7

Problem 21. Which term of the series 2187, 729, 243, ...

is 19
18 57

2187, 729, 243, ... is a GP with a common ratio » = % and first
term a =2187

The #'th term of a GP is given by: ar"~!

Number sequences 223

1 1 n—1
Hence 5= (2187) <§> from which

A T T A
(5) _(9)(2187)_ﬁ_?_(§>

Thus (n — 1) =9, from which,n=9+1=10

1
ie. 9 is the 10th term of the GP

Problem 22. Find the sum of the first 9 terms of the series
72.0,57.6,46.08, .. ..

The common ratio,

The sum of 9 terms,

Ca(l—r")  72.0(1 —0.8°)

So = =
(1-=7r) (1-0.8)
72.0(1 — 0.1342)
=—=311.7
0.2
Problem 23.  Find the sum to infinity of the series 3,
Lt
9 3 9

3, 1,4

, +,...isa GP of common ratio, r = 1

The sum to infinity,

%}
3

I
Il
Il

wiv| L

Il
I

Il
X

Now try the following exercise

1. Find the 10th term of the series 5, 10, 20, 40, ....

2. Determine the sum of the first 7 terms of the series
1 3 71 (3
10 13:27:055 -0+

3. The first term of a geometric progression is 4 and the 6th
term is 128. Determine the 8th and 11th terms.

4. Which term of the series 3, 9, 27, ... is 59049?

5. Find the sum of the first 7 terms of the series 2, 5,
12%, ... (correct to 4 significant figures).

6. Determine the sum to infinity of the series 4,2, 1, .. ..

7. Find the sum to infinity of the series 2%, —1%, %, R










Introduction to differentiation

33.1 Introduction to calculus

Calculus is a branch of mathematics involving or leading to
calculations dealing with continuously varying functions.
Calculus is a subject that falls into two parts:

(i) differential calculus (or differentiation) and
(ii) integral calculus (or integration).

Differentiation is used in calculations involving rates of change
(see section 33.10), velocity and acceleration, and maximum and
minimum values of curves (see ‘Engineering Mathematics’).

33.2 Functional notation

In an equation such as y = 3x? +2x — 5, y is said to be a function
of x and may be written as y =f'(x).

An equation written in the form f(x) = 3x? 4 2x — 5 is termed
functional notation.

The value of f (x) when x = 0 is denoted by £(0), and the value
of f(x) when x = 2 is denoted by f(2) and so on.

f(x)=3x>42x —5, then
f(0)=3(0>+2(0)—5=-5
and f(2)=3(2)* +2(2)— 5=11 and so on.

Thus when

Problem 1. If f(x)=4x> — 3x +2 find: £(0), £(3), f(—1)
and f(3) —f(-1)

f(x)=4x* —3x+2

f(0)=4(0)> —3(0)+2=2

f(3)=4(3)-3(3)+2=36—9+2=29
f(=D)=4(-1> =3(-1)+2=4+3+2=9

fB3)—f(—1)=29-9=20

Problem 2.  Given that f(x) = 5x> +x — 7 determine:
® f@=rD (i) fG+a)
3 —-f@3
i) [G+a)—/G) (v TEEOID

f(x)=5x>+x—-7
() fQ)=52)*+2-7=15
fH=51P+1-7=-1

1
@) +f()= > ==15

(i) f@G+a)=53+a’+B+a)—7
=50+6a+a*)+B+a)—7
=45+430a+ 54>+ 3 +a—7=41+31a+ 54’

(i) f(3)=53)P+3—7=41

fB+a)—f(3)=(41+3la+5a%) — (41)=31a+ 54>

fG+a)—f(B3) 3la+5d
a - a

(iv) =31+5a

Now try the following exercise

L If f@)=6x>—2x+1 find f(0), f(1), f(2), f(=1)
and f(—3)

2. If f(x)=2x*+5x—7 find f(), fQ2), f(=1),
S@)=f(=1




33.5 Differentiation of y=ax" by
the general rule

From differentiation by first principles, a general rule for dif-
ferentiating ax” emerges where a and n are any constants.
This rule is:

. d
if y=ax" then Y anxn
dx
or, if fx)=ax" then f'(x)=anx""!

(Each of the results obtained in worked problems 3 and 7 may be
deduced by using this general rule).

When differentiating, results can be expressed in a number
of ways.



d
For example: (i) if y = 3x? then ay =6x,
(ii) if £ (x) = 3x? then f(x) = 6x,
(iii) the differential coefficient of 3x is 6x,

(iv) the derivative of 3x? is 6x, and

v) j—x(?)xz) =6x

Problem 8. Using the general rule, differentiate the
following with respect to x:

4
©y==

— 7
(a)y=5x 5

(b)y=3x

(a) Comparing y = 5x’ with y =ax" shows thata=5and n=7.
Using the general rule,

dy -1 7-1 6
= —anx"1 = (5)(7 =35
Tx anx S)(7)x X
1 1
(b) y=3,/x=3x2.Hencea=3 andn:i

d 11
Y anx™ ! = (3)fx2_]
dx 2

3 _% 3 3
= —X 27127
2 243 2/x
4
©) y:——4x_2.Hencea=4 and n=-2

x2

Yy n—1 —2-1
anx 4)(—2)x

Problem 9. Find the differential coefficient of

2, 4
y=8 = 5 AV T
5 x?

2 4
y=2x— = +4Jx5+7
5 x3

2
ie. y= gx3 —4x73 4+ 4x°/2 47 from the laws of
indices (see Chapter 3)

L= (3) o @

5
+(4) <§>x(5/2>f‘ +0

6
= gxz + 12x~* 4+ 10x3/2

. dy 6, 12 -
1.€. a=gx +x7+10 x3
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1
Problem 10. 1Iff(t)=>5t+ — find f'(¢)
Vi
f(t)—5t+—l 5¢4 - 5t‘+f%
= = T:
NG 5

3\ 3 3.5
Hence f'(t)=(5)(1)t'~! + ( 5) 27 =50 — Em

3 3
ie. fl=5-—5=5-——= (sinces’=1)
243 2V8
2 2
Problem 11. Differentiate y = x+2) with respect to x
X

x+2? x*+4x4+4 x* 4 4

x X X x X
ie. y=x"+444x7!
dy -l (0 g2
Hencedx_lx +0+@A)(—1)x =x"—4x
4
=1-— (sincex’=1)
X

Now try the following exercise

Exercise 121 Further problems on differentiation of
y=ax" by the general rule (Answers on
page 283)

In Problems 1 to 8, determine the differential coefficients
with respect to the variable.

1. y="7x* 2. y=4/x
1
3. y=+B 4. y=6+ 3
x
1 1 5 1
5.y=3x——+- 6. y=———=+42
y=3x \/}—f-x y 2 «/)7+
7. y=3(t —2) 8. y=(x+1)>

9. Using the general rule for ax” check the results of
Problems 1 to 12 of Exercise 120, page 250.

10. Differentiate f(x) = 6x*> —3x +5 and find the gradient
of the curve at (a) x = —1, and (b) x =2.

11. Find the differential coefficient of y=2x*+3x% —
4x — 1 and determine the gradient. of the curve atx =2.

12. Determine the derivative of y=—2x3+4x+7 and
determine the gradient of the curve at x = —1.5.




Introduction to integration

34.1 The process of integration

The process of integration reverses the process of differentiation.
In differentiation, if (x) = 2x? then f”(x) = 4x. Thus, the integral
of 4x is 2x2, i.e. integration is the process of moving from f”(x)
to f(x). By similar reasoning, the integral of 2¢ is 2.
Integration is a process of summation or adding parts together
and an elongated S, shown as [, is used to replace the words ‘the
integral of*. Hence, from above, [ 4x=2x? and [ 2¢is 1.

d
In differentiation, the differential coefficient ay indicates that

a function of x is being differentiated with respect to x, the dx
indicating that it is ‘with respect to x’. In integration the vari-
able of integration is shown by adding d (the variable) after the
function to be integrated.

Thus [ 4x dx means ‘the integral of 4x with respect to x’, and
J 2t df means ‘the integral of 2¢ with respect to ¢’

As stated above, the differential coefficient of 2x? is 4x, hence
[ 4x dx =2x?. However, the differential coefficient of 2x* + 7 is
also 4x. Hence [ 4x dx could also be equal to 2x% +7. To allow
for the possible presence of a constant, whenever the process of
integration is performed, a constant ‘c’ is added to the result.

Thus [4x dx=2x>+cand [2tdt=1 +c¢

‘¢’ is called the arbitrary constant of integration.

34.2 The general solution of integrals of
the form ax”

The general solution of integrals of the form | ax” dx, where a
and n are constants and n # —1, is given by:

fax"dx:

axn+1
+c
n+1

Using this rule gives:
(i) /3x4dx=ixj_+ll +c=§x5+c
) 4, 4 / P+
(ii) /at dtdx=§<3+—1>+c

4 (¢t 1,
:7<—>+c:§t +c

9\ 4
Both of these results may be checked by differentiation.

34.3 Standard integrals

d
From Chapter 33, a(sin ax) =acos ax

Since integration is the reverse process of differentiation it
follows that:

/acosax dx=sinax+c

1
or /cosaxdx=fsmax+c
a

By similar reasoning
. 1
sin ax dx =——cos ax+c¢
a
ax 1
e dx=-e"+c¢
a
1
and —dx=Inx+c¢
X

n+1
I + ¢ except when n=—1

ax

From above, [ ax" dx=
n+

1
Whenn=—1,then [x'dx= [—dx=Inx+c
x

A list of standard integrals is summarised in Table 34.1.
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Table 34.1 Standard integrals

axn+1
. " dx _
1) /ax w1 +c
(except when n=—1)
(i) [ cosaxdx = —sinax+c
a
1
(iii) /sinaxdx = —-cosax+c
a
1
@{iv) [ e®dx = —-e%+c
a
1
v) /fdx = Inx+c
X

Problem 1. Determine: (a) / 3x2dx  (b) / 263 dt

axn+1

n+1

The general rule is / ax" dx = +c

(a) When a=3 and n =2 then

32+l
/3x2dx= 2x+1 +e=x*+¢

(b) When a=2 and n =3 then

/ 24 dt 2t + 2 + 1t4+
= = — = — c
341 T4 TT

Each of these results may be checked by differentiating them.

Problem 2. Determine (a) / 8dx (b) / 2x dx

(@) [ 8dx is the same as [ 8x" dx and, using the general rule
when a =8 and n =0 gives:

80+1
/8x0dx:0x+] +c=8x+c

In general, if k is a constant then [k dx=kx +¢
(b) Whena=2 and n=1, then

21+1 22
/2xdx=/2x1dx= al +c=i+c

1+1 2

5
[ (2 + ?x - 6x2> dx may be written as:

5
/2dx+/7xdx—/6x2dx

i.e. each term is integrated separately.
(This splitting up of terms only applies for addition and
subtraction).

5
Hence / (2 +ox— 6x2> dx

5 xl+1 x2+1
=2 — — 6
x+<7)1+1 ©)5 7 te
3

=2x+ <§> x (6)% +c

7) 2

=2x+ix2—2x3+c
14

Note that when an integral contains more than one term there
is no need to have an arbitrary constant for each; just a single
constant at the end is sufficient.

3
Problem 4. Determine: f = dx
X

3
[ 5 dx= [ 3x7* dx. Using the standard integral, [ ax” dx when
X

a=3and n=—2 gives:

3x—2+1
3x 2 dx =
/ X _2+1+c

3—1
= xl +e=-3x""

-3
+c=—+c¢
X

Problem 5. Determine: / 34/x dx

m
For fractional powers it is necessary to appreciate that ~/a” =an ,
. 1
from which, /x =x2. Hence,

1 3

1 3x2*! 3x2
/3ﬁdx=/3x2dx=1x CZXT-FC

i+l 3

2\ 3 3
=) <§)x2 =2x2 + ¢ =2Vx+c

5
Problem 3. Determine: / (2 + ?x — 6x2>dx

Problem 6. Determine: / i dx
Jx
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(b) From Table 34.1(iii),

1
5 1 sx 2! 5x2
/ﬁdxz/‘Sx_de: xl +c= o +c

1 1
-5+l 3 /3sin2xdx:3/sin2xdx:(3)<—§cos2x)+c
2\ 1
— z — 3
_(5)<1>x2+c—10ﬁ+c :—Ec0s2x+c
Problem 7. Determine: 6
roblem : 2e ermine Problem 9. Determine: (a) f 5% dx (b / — dx
_ e
@ [(55 ) o [a-rrae
3x
(a) From Table 34.1(iv),
(a) Rearranging into standard integral form gives: / 56 dy = 5 / e dx = (5) (l e3x) +ec
3
X —2x X 2x
dx = — — — )dx 5
/( 3x ) _/(3x 3x> =§e3"+c
22
:/ o 7>dx p
33 (b)/zdx=/6e_2"dx=6/e_2"dx
1 x2+1 2 €
Wz 1
3)24+1 3 =(6)<72e*2x)+c=—3e*2x+c
1\ x* 2 n 3
=|z)=—-=x+c
3)3 73 === e
e X
L 2x+c
S B
9
Problem 10. Determine:
b) Rearrangin 1 —x)? dx gives: 3 32— 1
(b) ging [ (1—x)? dv g (a)/—dx (b)/<x )dx
R oplHl 241 Sx X
1-2 dr=x— "
/( X+ x°) x 1_{_1—1—2_‘_1—1—0
2x2 X3 /‘ 3 / 3 1 3 /‘ 1
— x4 — dx= ) {-) dx== dx
=77 + 3 te ®) S5x 5) \x 5 b
s 1, 3
=x-x +§x +c =glnx+c(fromTable 34.1(v))
) ) 3x2—1 X1
This problem shows that functions often have to be rearranged  (b) dx = — — = |dx
into the standard form of [ ax" dx before itis possible to integrate x o o 5
1 3
them. =/<3x_,>dx=i+1nx+c
X 2

Problem 8. Determine:

(a) /5c053xdx (b) /3sin2xdx

3
:Ex2+lnx+c

Now try the following exercise

(a) From Table 34.1(ii),

/SCOS 3xdx = 5/cos3xdx
Determine the following integrals:

1 .
:(5)<§sm 3x>+c 1. (a) /4dx (b) /7xdx

5 . 2 5
= 3sin3x+e 2. (a) /gxzdx (b) /6x3dx
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@ [
@ [

4
— dx
3x2

Vxdx

. (a) /3cos2xdx

@[3

Ze¥dx

. (a) /(3+2x—4x2)dx

2 _
.(a)/<3xx S5x

)ax

(b) 3/(x+5x2)dx
(b) /(2+x)2dx
O) [

o) o

(b) /7sin3xdx
o it

(m/(fgl

)ax




MATRICES
AND DETERMINANTS

1.1 MATRIX ALGEBRA

Sir ARTHUR CAYLEY (1821-1895) of England was the first
Mathematician to introduce the term MATRIX in the year 1858. But in the
present day applied Mathematicsin overwhelmingly large majority of cases
it is used, as a notation to represent a large number of simultaneous
equations in a compact and convenient manner.

Matrix Theory hasitsapplicationsin Operations Research, Economics
and Psychology. Apart from the above, matrices are now indispensiblein
all branches of Engineering, Physical and Social Sciences, Business
Management, Statistics and Modern Control systems.

1.1.1 Definition of a Matrix
A rectangular array of numbers or functions represented by the
symbol

ﬂll a12 d 1n 9
Cay Ay ot
(; -
¢ ' " +iscalledaMATRIX
c . . .F
Q . . . +

gaml W

SRR

The numbers or functions g; of thisarray are called elements, may be
real or complex numbers, where as m and n are positive integers, which
denotes the number of Rows and number of Columns.

For example
1 26 a&x® sinx :
A=g Sand B = s'TX:arethematnces
€2 4 p oL



1.1.2 Order of aMatrix
A matrix A with m rows and n columnsis said to be of the order m by

n (mxn).
Symbolically

A = (8)yx, IS @ matrix of order m x n. The first subscript i in (g;)
ranging from 1 to m identifies the rows and the second subscript j in (&)
ranging from 1 to n identifies the columns.

For example
& 2 306, .
A:g glsaMatnxoforder2x3 and
4 5 6y

aal 26 . .
Bzg g isaMatrix of order 2 x 2
2 45

asi coqd . :
- @ SqglsaMaInxoforderZXZ

0% sSinq g
éaeo 22 30
D=¢ 4 5 -67=+isaMatrixof order 3x 3
§78 -8 93

1.1.3 Typesof Matrices

(i) SQUARE MATRIX
When the number of rows is equal to the number of columns, the

matrix is called a Square Matrix.

For example
& 70 . .
A= g = isaSquare Matrix of order 2
6 35
a8 1 50
¢ - .
B=c¢4 1 6+jsaSquareMatrix of order 3
§2 4 95

gesi na sinb snd 9
c=c¢comn cod  cod +jsaSquare Matrix of order 3
%cosem cosed cosed



(i)  ROW MATRIX
A matrix having only one row is called Row Matrix

For example
A = (2 0 1) isarow matrix of order 1x 3
B = (1 0) isarow matrix or order 1 x 2

(ili) COLUMN MATRIX
A matrix having only one column is called Column Matrix.

For example
isacolumn matrix of order 3x 1 and

2
A = 0
1

m@@%
QO

80 . .
B = g = isacolumn matrix of order 2x 1
goﬂ

(iv) ZERO OR NULL MATRIX
A matrix inwhich all elementsare equal to zeroiscalled Zero or Null
Matrix and is denoted by O.

For example

04
O:&D gisaNuIIMatrixoforder2x2and
go Og

a® 0 00 .
O= =isaNull Matrix of order 2 x 3
f o of

v) DIAGONAL MATRIX
A square Matrix in which all the elements other than main diagonal
elements are zero is called a diagonal matrix

For example

a 0§, . .

A= zisaDiagonal Matrix of order 2 and
go 9g
A 0 0¢
¢ - . .

B=¢0 2 O-jsaDiagonal Matrix of order 3
&0 0 33



Consider the square matrix
@8 3 79
A= -2 -4c
& 6 55
Here 1, -2, 5 are called main diagonal elements and 3, -2, 7 are called
secondary diagonal elements.

(vi) SCALARMATRIX
A Diagonal Matrix with all diagonal elements equal to K (ascalar) is
called a Scalar Matrix.

For example
2 0 0g
A=¢0 2 0-+jsaScalar Matrix of order 3 and thevalueof scalar K = 2
% 0 25

(vii)  UNIT MATRIX OR IDENTITY MATRIX
A scalar Matrix having each diagonal element equal to 1 (unity) is
called a Unit Matrix and is denoted by .

For example
al 00 . ) .
I,= g T isaUnit Matrix of order 2
0 1y
2 0 09
I,=¢0 1 O=+isaUnit Matrix of order 3
0 0 13

1.1.4 Multiplication of a marix by a scalar
If A =(a;) isamatrix of any order and if K isascalar, then the Scalar
Multiplication of A by the scalar k is defined as

KA=(Kg)) for al i, j.
In other words, to multiply a matrix A by ascalar K, multiply every
element of A by K.

1.1.5 Negative of a matrix
The negative of amatrix A = (&),
i, j and is obtained by changing the sign of every element.

mxn

isdefined by - A = (-g),,,, forall



For example

.5 74
IfA:aQ gthen
go 5 6g
A_aez S -7
"%o -5 -64

1.1.6 Equality of matrices
Two matrices are said to equal when

i) they have the same order and
ii) the corresponding elements are equal.

1.1.7 Addition of matrices

Addition of matrices is possible only when they are of same order
(i.e., conformal for addition). When two matrices A and B are of same order,
then their sum (A+B) is obtained by adding the corresponding elementsin
both the matrices.

1.1.8 Properties of matrix addition
Let A, B, C be matrices of the same order. The addition of matrices
obeysthefollowing

()] Commutativelaw : A +B = B+A
(i)  Associativelaw : A + (B +C)= (A+B)+C
(iii)  Distributivelaw : K(A+B) =KA+KB, wherek isscalar.

1.1.9 Subtraction of matrices

Subtraction of matrices is also possible only when they are of same
order. Let A and B be the two matrices of the same order. The matrix A - B
is obtained by subtracting the elements of B from the corresponding elements
of A.

1.1.10Multiplication of matrices

Multiplication of two matrices is possible only when the number of
columns of the first matrix is equal to the number of rows of the second
matrix (i.e. conformable for multiplication)

Let A =(g;) bean mx p matrix,
and letB =(b;)beanpxnmatrix.



Then the product AB isamatrix C = (cij) of order mxn,

where g = element in the i" row and j" column of C is found by
multiplying corresponding elements of the i row of A and j* column of B
and then adding the results.

For example

86 >0 ab 70

: - 70

ifA=¢2 1= B=g" =
86 7Q3:X2 Pox2

a3 59

¢ = - 76
thenAB=¢2 -1+ &0 g
§6 7 5 -2 44

& 3x5+5x(-2) K AXO) 0 w5 -10

= (2x5+ (DX (D) 2Xx(N+(Dx(@)+=cl2 -18:
§ 6x5+™ (2 &X(7+X(@) 5 &6 -145

1.1.11 Properties of matrix multiplication

(i) Matrix Multiplication is not commutative i.e. for the two
matrices A and B, generally AB* BA.

(i)  TheMultiplication of Matricesis associative
i.e, (AB) C=A(BC)

(@iif)  Matrix Multiplication is distributive with respect to addition.
i.e. if, A, B, C are matrices of order mxn, n x k, and n x k
respectively, then A(B+C) = AB + AC

(iv) Let A beasquare matrix of order n and | isthe unit matrix of
same order.
Then Al=A =1A

(v)  Theproduct
AB = O (Null matrix), does not imply that either A=00orB=0
or both are zero.



For example

el 106

gl 'lﬁzxz

16 &1 19_a0 00
2; &1 -1; &0 o5
P AB = (null matrix)

Let A 2 10 B
gz ZQZXZ
ol
Then AB = gz
Here neither the matrix A, nor the matrix B is Zero, but the product
AB is zero.
1.1.12 Transpose of a matrix

LetA =(a;) beamatrix of order mxn. Thetranspose of A, denoted by
AT of order nxm is obtained by interchanging rows into columns of A.

For example
If A :aa 2 52 then
3 4 6g
-
AT:é‘ 2 59 :82 4.

3465 g g

1.1.13 Properties Of Matrix Transposition

Let AT and BT are the transposed Matrices of A and B anda is a
scalar. Then

B (A=A

(i) (A+B)=AT+BT

(i) (@A) =aAT

(iv)  (AB)' =BTAT (A and B are conformable for multiplication)

Example 1

& 9 60 _® 0 79
IfA—g6 5 103 and B—g4_8_35
find A+Band A-B



Solution :

_gB+6 90 6+7 ¢ _aal 9 13

AYB = Boia 249 101035 &0 -6 74

-6 9-0 6-7 0 el 9 -1)

A-B = = =
6-4 2-(-8) 10-(-3z gz 10 13y
Example 2
a3 60 . : 1
IfA= = find (i) 3A (ii))-=—A
o o:MNd M3A (-3
Solution :
a8 60 P 180
(i)3A =3 T = =
gg 25 &7 64
& 6o el -
(i)-LA=-1 = 2%
3 89 25 &3 35
Example 3
ggz 3 5% é@ 1 2%
IfA=c¢4 7 9+and B=¢4 2 5=
€1 6 4y & -2 75
show that 5(A+B) = 5A + 5B
Solution :
g@ 4 7% 8525 20 359
A+B =¢8 9 14:\ 5A+B)=c40 45 70-
&7 4 115 %35 20 555
g0 15 25¢ @45 5 10
5A :gzo 35 45: and 55:320 10 25:
&5 30 205 %30 -10 354
8325 20 35%
\ 5A+5B =¢40 45 70+\ 5(A+B)=5A +5B
§35 20 555



Example 4

&l 2 39 el -2 -%
IfA:g2 4 6+andB:g-1 -2 -4
3 6 95 §1 2 45
find AB and BA. Alsoshow that AB1 BA
Solution:
A(-1) +2(-1) +3(1) 1(-2) +2(-2)+3x2  1(-4) + 2(-4) + 3x4p
AB = ¢2(-1)+4(-1)+6(1) 2(-2)+4(-2) +6(2) 2(—4)+4(—4)+6x4:
§3(-1) + 6(-1)+ 9(1) 3(-2)+6(-2) +9(2) 3(-4)+ 6(-4) + x4
#@® 0 09§
_¢ 0 o:

& o 0%y 3
217 -34 -51

. ¢
Similarly BA = ¢- 17 - 34 -51-
§17 34 51y

\ AB! BA
Example5
A - 206
IfA= 2 , then compute A%-5A + 3l
g3 -4y
Solution:
poopp B -20d -20_ =5 60
ATk 48 _a37 89 105
en g -20_25 -100
N gs -43"%15 - 205
3|_3ae1 06 a8 09
'go 15"%0 35
\ Az.sa+3 =0 00 @ -100 &8 09
E—g 105 §15 - 205 Eo 35

210 166 28 06 a7 165

"€ o1 205 B0 35 & x5



Example 6
Verify that (AB) = BT ATwhen

®2 -306
A -4 20 ¢ =
A:g4 0 L and B=¢0 1=
@x3 8-4 -233><2
Solution :
®e2 -30
@ -4 2¢
AB = t; 1+

0 1554 -2;
_ DR+ (X0 +2(-4) IX(-3) +(AxL+2x(-2)
T &4 +00 +IX(4)  AX(-3) +Od +IX(-D) g
_a@+0-8 -3-4-4¢ 26 -119
“8840-4 -1240-25 &4 -145

26 -110 o"36 49

\ LH.S = (ABY
BB =&, 1) “En 14

el 40
ae? 0-4% ¢ -
RH.S. =BTAT 3 1. s ¢4 0=
B2 13
4._.

“Fu
P LHS =RH.S
Example7
A radio manufacturing company produces three models of radios
say A, B and C. Thereisan export order of 500 for model A, 1000 for model

B, and 200 for model C. The material and labour (in appropriate units)
needed to produce each model is given by the following table:

Material Labour

Model A &0 206

ModelB &8 5

ModelC &2 95
Usemarix multiplication to computethetotal amount of material and labour
needed tofill the entire export order.
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Solution:
Let P denote the matrix expressing material and labour corresponding

to the models A, B, C. Then

Material Labour

A0 200 Model A
P=¢s 051 ModelB

&12 9 5 ModelC

L et E denote matrix expressing the number of unitsordered for export
in respect of models A, B, C. Then

A B C
E = (500 1000 200)

\ Total amount of material and labour = E x P

a0 206
= (500 1000 200) ¢8 5 -
§12 9 5

= (5000 + 8000 + 2400 10000 + 5000 + 1800)

Material Labour
=(15,400 16,800)

Example 8
Two shops A and B havein stock the following brand of tubelights
Brand
Shops Bajaj Philips Surya
Shop A 43 62 36
Shop B 24 18 60

Shop A placesorder for 30 Bajaj, 30 Philips, and 20 Surya brand
of tubelights, whereas shop B orders 10, 6, 40 numbers of the three
varieties. Due to the various factors, they receive only half of the
order assupplied by the manufacturers. The cost of each tubelights of
thethreetypesare Rs. 42, Rs. 38 and Rs. 36 respectively. Represent
thefollowing as matrices (i) I nitial stock (ii) theorder (iii) the supply
(iv) final sotck (v) cost of individual items (column matrix) (vi) total
cost of stock in the shops.

11



Solution:

()] Theinitial stock matrix

(i)  Theorder matrix

(i) Thesupply matrix R=4Q=2

(iv) Thefinal stock matrix S=P+R 2858 I 469

(v)  Thecost vector

P:aés 62 360
4 18 605
_a80 30 20%
Q= =
&0 6 405
15 109
5 3 20
21 80
C:(;38+
&35

(vi) Thetotal cost stock in the shops

_ 22436 + 2926 +1656 § _ aF0189

§1218 +798 + 2880 g §A896*

a

EXERCISE 1.1

36 a8
1) |fA:g7 ZzandB:g‘l

(i) A+B =B+A (i) (A)T =A

20
= then, show that
9

@ 1 29 ® 2 59
2. |fA:(;4 9 8+andB:(;0 -1+
2 5 63 ¢ -6 23

find (i)A+B (iiii) 5A and 2B

(i) B +A (iv) 5A + 2B

12



3

4)

5)

6)

8)

9

10)

11)

o} a2 40
IfA= —andB= = find AB and BA.
g3 -3 Oy

Find AB and BA when

833 1 -59 832 4 59
A=¢1 5 2fandB:QO 2 1‘
& 2 4 -34 &1 6 3G
2 1 08 aé 50
IfA:gl 2 29 and B —§7 3+ find AB and BA.
e & - 25
43 R
g 40 ®2 106
IfA=¢l 1:+andB = g :
&2 -15 2
verify that (AB)T=BTAT
a@ -1 46 0 -206

LetA = TandB = =th
e gg 02Qjan g31_5é en

show that 3 (A+B) = 3A + 3B.

@& 1106
IfA= I a=3b=-7,
g9 -1y

show that (a + b)A =aA + bA.

Verify thata (A + B) =aA +aBwhere

ael 2 09 515 3 -1p
a=3, A= G‘l 0 2—andB 97 2 4-
§4 3 55 8B 1 25
IfA_a@osa -snag ge0d -sinby
_gsina cosaé,a gsmb cod i
provethat (i) AB=BA (i) (A+B)> = A2+ B2+2AB.
ae40
IfA=(356),, andB= 91— thenfind AB and BA.
82IZ‘3><1

13



2 20 % %9
12) IfA=g2 ~andB = 1 1ifindAB,BA
ZQ = =

8 80

13) Therearetwo familiesA and B. Thereare 4 men, 2 women and 1 child
infamily A and 2 men, 3 women and 2 children in family B. They
recommended daily allowance for caloriesi.e. Men : 2000, Women :
1500, Children : 1200 and for proteinsisMen : 50 gms., Women : 45
gms., Children: 30 gms.

Represent the above information by matrices using matrix
multiplication, calculate the total requirements of calories and proteins
for each of the families.

14)  Findthe sum of the following matrices
a 2 390 &l 2 30
& 4 51 3 0 1%
&7 10 125 §2 2 43
858 9 79 gé. 2 39
(;7 8 6 + and (;2 3 4 -
&9 10 85 &7 13 195

a® 60
15) Ifx+g7 0i:2I2+02thenfindx

%]
&2 1 106
g =
16) 1f A=¢l 2 1+showthat (A-1)(A-41)=0
§1 1 25
d -1 ad 0§
17) IfA:g ~and B:gz =then show that
0 1g 15

(i) (A+B) (A-B)1 A2-B? (ii) (A+B)? 1 A2+ 2AB +B?

g 2 25
l(_)_ & g find the value of A

18) 1t3a+ et 10,
g'z 1o gl 4y

® -1
19) ShowthatAzg1 O;satlsflesAzz-I
%]

14



a€09] -snqo

20) If A=

. = provethat A2=
ng cosqgy

260s2q -sin2q9
in2q cos2qg

a3 40 . . .
21) If A= g 5 3‘TshowthatAZ, A“areidentity matrices

o

22)

o

If A= 19 B= 2 16
‘go 4y ‘él 35
Evluate (i) (A+B) (C+D) (ii) (C+D) (A+B)

A 2o
1y

_® 20
‘é.l 35

(iii) A? - B?

(iv) C? +D?

23)  Thenumber of students studying Business Mathematics, Economics,
Computer Science and Statisticsin aschool are given below

Business Economics Computer [Statistics
Std. . .
Mathematics Science
X1 Std. 45 60 55 30
XII Std. 58 72 40 80

(i) Expresstheabovedataintheform of amatrix
(i) Writetheorder of the matrix

(iii) Express standardwise the number of students as acolumn matrix and
subjectwiseasarow matrix.

(iv) What istherelationship between (i) and (iii)?

1.2 DETERMINANTS

Animportant attribute in the study of Matrix Algebraisthe concept
of Determinant, ascribed to a square matrix. A knowledge of Deter minant
theory isindispensablein the study of Matrix Algebra.

1.2.1 Determinant

The determinant associated with each square matrix A = (g) is a
scalar and denoted by the symbol det.A or 6Ad. Thescalar may bereal or
complex number, positive, Negative or Zero. A matrix isan array and hasno
numerical value, but a determinant hasnumerical value.

15



For example

aa bo . .
when A = g = then determinant of A is
C d g

|A| = 3 2 ‘ and the determinant valueis=ad - bc
Example9
Evaluate Lo 1‘
3 -2
Solution:
1 -1
3 -2

=1x(-2)-3x(-1)=-2+3=1

Example 10
2 0 4
Evaluate[> -1 1
9 7 8
Solution:
2 0o 4 1 1 5 1 5 1
5 ) . :2‘- ‘ -0‘ +4‘ - ‘
9 7 8 7 8 9 8 9 7

=2 (-(1x8-1x7)-0(5x8-9x1) +4(5x7- (-1) x9)
=2 (-8-7)-0(40-9)+4(35+9)
=-30-0+176=146

1.2.2 Properties Of Deter minants
()] The value of determinant is unaltered, when its rows and
columns are interchanged.
(i) If any two rows (columns) of adeterminant are interchanged,
then the value of the determinant changes only in sign.

(iii)  If the determinant has two identical rows (columns), then the
value of the determinant is zero.

16



(iv)

(v)

(vi)

(vii)

If all the elementsinarow or in a(column) of adeterminant are
multiplied by a constant k(k, * 0) then the value of the
determinant is multiplied by k.

Thevalue of the determinant isunaltered when aconstant multiple
of theelements of any row (column), isadded to the corresponding
elements of adifferent row (column) in adeterminant.

If each element of arow (column) of adeterminant isexpressed
as the sum of two or more terms, then the determinant is
expressed as the sum of two or more determinants of the same
order.

If any two rows or columns of adeterminant are proportional,
then the value of the determinant is zero.

1.2.3 Product of Determinants
Product of two determinants is possible only when they are of the
same order. Also |AB|=A|. |B|

Example 11

3 1
Evaluate6 A0 0BO, if A :‘5 6 ‘ and B = ‘

Solution:

5
1 3

Multiplying row by column

O0Ab 6BO= 3 1 > 2
"5 6|1 3
_ 3x5+1x1 3x2+1x
" I5Bx5+6x1 5x2+6X
: 15+1 6+3 _16 9 = 448 279
T |5+6 10+18 T30 28|
=169

Example 12

2
Find|]2 o 5|0 o 3
0

2 1 3

1 0 -4



Solution :
Multiplying row by column

2 1 3 2 0 0
3 0 5 0 0 3
1 0 -4]10 2 0

2x2+1x0+3x0 2x0+1x0+3x2 2x0+1x3+3x0
3x2+0x0+5x0 3x0+0x0+5x2 3x0+0x3+5x0
1x2+0x0- 4x0 1x0+0x0-4x2 1x0+0x3-4x0

4 6 3
6 10 0
2 -8 0
4(0+0) -6 (0- 0) + 3 (-48 - 20)
=3(-68) =- 204

1.2.4 Singular Matrix
A square matrix A issaid to be singular if det. A =0, otherwiseitisa
non-singular matrix.

Example 13
A 2
Show that gz zisasingular matrix
4y
Solution:

! =4-4=0
o 47447

\ The matrix is singular

Example 14
Show that 2 5Qisanon singular matrix
& 10 g
Solution :
2 5
‘ =29-45 =-251 0

9 10
\ The given matrix is non singular

18



Example: 15

1 x -
Findxif|> 3 0|=0
-2 -4 8

Solution :
Expanding by 1% Row,
1 x -

3 0 5 0 5 3

3 el ol
2 -4 8 -4 - 2 -

= 1(24) - x (40) -4 (-20 +6)

= 24-40x +56 =-40x + 80

b -40x+80=0

\' x=2

Example: 16

1 b+c b?+c?
Show |1 c+a c’+a°| = (a-b) (b-c) (c-a)
1 a+b a’+b?
Solution :
1 b+c b?+c?
1 c+a c*+a’
1 a+b a’+b’

R®R,-R, R® R;-R
1 b+c b*+c?
=10 a-b a+b
0 a-c a-c

1 b+c b? + ¢?

=|0 a-b (a+b)(a-b) taking out (a-b) from R, and (a-c) from R,
0 a-c (a+c)(a-c)
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1

2)

4)

5)

6)

8)

9)

1 b+c b*+c?

:(a.b) (a_c) 0 1 a+b
0 1 a+c

= (ab) (a-c) [at+c-a-b] (Expanding along c,)
= (ab) (ac) (c-b) = (ab) (b-c) (c-a)

EXERCISE 1.2
Evaluat 14 6 13 2 2 -4
valuate (i) 9 (i) 4 5 (iii) 1 -6
1 2 0 1 0 O
Evaluae|3 -1 4 3) Evaluate 0 1 0
1 2 4 0O 0 1
& 4 30
g -
Examine whether A = (;3 2 1+ isnon-singular
€5 3 2}
&l -2 39
Examine whether the given matrix A = ¢” 2 -1 ofissingular
g4 -2 55
3 21 1 4 2
Evaluate [0 1 4 7) Evaluate 2 -2 4
3 2 1 3 -1 6
2 3 Y 2 6 Y
If the value of 4 1 0 =-60, then evaluate4 2 0
6 2 7 6 4 7
12 18
If thevalueof |1 1 =5, thenwhat isthe value of 17
20 2 12
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2+4 6+ 2 6 4 3
10)  Show that = +
5 1 5 1 5
a-b b-c c-a
11) Provethat [0-C c-a a-bf-g
c-a a-b b-c
b+c a
12) Provethat|cta b =0
at+b ¢
1 1 1
13) Showthat [T 1+X 1 |=xy
1 1 1+y
EXERCISE 1.3
Choosethecorrect answer
1) [00O0] isa
(&) Unit matrix (b) Scalar matrix
(c) Null matrix (d) Diagonal matrix
2) [6 2 -3]isamatrix of order
() 3x3 (b)3x1
(c)1x3 (d) Scalar matrix
3) 2 09isa
f 15
(a) Unit matrix (b) Zero matrix of order 2 x 2
(c) Unit matrix of 2x 2 (c) Noneof these
a8 -30 &l 20 _
4) A:gz T andB = T, thenA +Bis
4 5 -1 Oy
A 50 & -1
= b =
@& .2 ®E, 4%
@F 12 @ & %
él 45 go 1y



5)

6)

7)

8)

9

10)

&2 40 )
If A :g 3 3i,then-SAls

7]
e6 -12¢ @6 -120
@Eq 155 Mg 153
8@ 3 49 @ 0
ifA=¢l -1 Owang) =0 1
& -3 1 & 0
gé 3 49
(a)(;l 1 0—
-3 35
gé 3 4%
(C)Ql -1 0—
& -3 2

@ 5 60 & -1 05
€21 6558 2 13
A5 129
4 15

(c) Cannot bemultiplied

a)

2 .
The value of go =is

Og
(@ 4 (b) 14
1 -1
The value of 0 0]‘ is
(a0 (b) -1

22

30 .
=,thenA-Bis
- 2ﬂ

60

65 9 0
9015 Db

6 12¢
© & 2

+ (d) Noneof these
€o oy @

0

0+ then A+2lis
1y

8@ 3
e O
& -3

(d) Noneof these

b 23 159
()Es - 35

(d) Noneof these
(c) -14

(d) Noneof these

(o)1 (d) Noneof these



11)

12)

13)

14)

15)

16)

17)

18)

19)

20)

21)

22)

1
If the value of 3

2 2, thenthevalue of !
=-2, thenthevalueo
4 2

is

4
@~o (b)-2 (c)2 (d) Noneof these
Det (AB) =|AB| =?
(@) A0 +6B0d (b) 6B6 +0A06
(c) 6A06 x6Bb (d) Noneof these
Theelement at 2" Row and 2™ Coloumn isdenoted by
(@a, (b) a,, (c)a, (d)a,
Order of thematrix A =[a],, ; is
()2x3 (b)3x3 (c)1x3 (d3x1

When the number of rows and the number of coloumnsof amatrix areequal,
thematrix is

(a) square matrix (b) row matrix  (c) column matrix (d) None of these
If all the elements of amatrix are zeros, then thematrix isa

(@) unit matrix (b) square matrix
(c) zero matrix (d) None of these
A diagonal matrix inwhich all thediagonal elementsareequal isa
() scalar matrix (b) column matrix
(c) unit matrix (d) Noneof these

If any two rows and coloumns of adeterminant areidentical, the value of
the determinant is

@1 (b)0 (c)-1 (d) unaltered
If thereisonly onecolumninamatrix, itiscalled
(@) Row matrix (b) column matrix
(c) square matrix (d) rectangular
Addition of matricesis
(a) not commutative (b) commutative
(c) not associative (d) distributive
A square matrix A issaid to be non-singular if
@]A]to0 (b)|A]=0 (c)A=0 (d) None of these
Th I f x if Lox =0i
evalueof x i 5 3|~ is
(a) % (b) g (©)0 (d) Noneof these
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23)

24)

25)

26)

27)

28)

29)

30)

If ‘ 4 j =88, thenthe value of 8 44 is
-9 4 -
(a)-88 (b) 88 (c) 80 (d) Noneof these
The value of 3 is
3 2
@o (b) -1 (o)1 (d) Noneof these
If 5 4‘ = -2, thenthevalue of ; 4 is
(a) -2 (b)2 (c) -4 (d) Noneof these
If (A+B) (A-B)=AZ?-B?and A and B are square matricesthen
(a) (AB)'=AB (b) AB=BA
(c) (A+B)T =B™+AT (d) Noneof these
230 100 .
&0 105'°?
(a) Rectangular matrix (b) Scalar matrix
(c) Identity matrix (d) Noneof these
1 4
¢ g T isa
£7 5
(a) Square matrix (b) Row matrix
(c) Scalar matrix (d) Column matrix
If A=1, thenA?
(a)1? (M1 (0 (d) Noneof these
o
If A=(12 3)and B=¢2+ thentheorder of ABis
€35
(@1x1 (b)1x3 (c)3x1 (d)3x3
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PERMUTATIONS

Thistopic dealswith the new Mathematical ideaof counting without
doing actual counting. That is without listing out particular cases it is
possible to assess the number of cases under certain given conditions.

Permutations refer to different arrangement of things from agiven lot
taken oneor more at atime. For example, Permutations made out of a set of
three elements { a,b,c}

(i) Oneatatime: {a,{b},{c¢¢ ... 3ways
(i) Twoatatime: {ab}, {ba} {b.c},{cb},{ac} {ca ... 6 ways
(iii) Threeat atime: {ab,c},{achb},{b,ca,{bact, {cab},{cba ... 6 ways

2.2.1 Fundamental rules of counting

There are two fundamental rules of counting based on the simple
principles of multiplication and addition, the former when events occur
independently one after another and latter when either of the events can
occur simultaneously. Some times we have to combine the two depending
on the nature of the problem.
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2.2.2 Fundamental principle of counting

L et usconsider an examplefrom our day-to-day life. Sekar wasallotted
aroll number for his examination. But he forgot his number. What all he
remembered was that it was a two digit odd number.

The possible numbers are listed as foll ows:

1 21 31 41 51 61 71 81 91
13 23 33 43 53 63 73 83 93
15 25 35 45 55 65 75 85 9%
17 27 37 47 57 67 77 87 97
19 29 39 49 59 69 79 89 9

So the total number of possible two digit odd numbers = 9x5 = 45

L et ussee whether thereis any other method to find the total number
of two digit odd numbers. Now thedigit inthe unit place can be any one of
thefivedigits 1,3,5,7,9. Thisisbecause our number isan odd number. The
digit in the ten’s place can be any one of the nine digits 1,2,3,4,5,6,7,8,9

Thusthere are five waysto fill up the unit place and nine waysto fill
up theten’splace. Sothetotal number of two digit odd numbers = 9x5 = 45.
This example illustrates the following principle.

(1) Multiplication principle

If oneoperation can beperformedin“m” different waysand another
operation can be performed in “n” different ways then the two operations
together can be performed in ‘m x n’ different ways. This principle is
known asmultiplication principle of counting.

(i) Addition Principle

If one operation can be performed in m ways and another operation
can be performed in n ways, then any one of the two operations can be
performed in m+n ways. This principle known as addition principle of
counting.

Further consider the set {a,b,c,d}
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From the above set we have to select two elements and we have to
arrange them as follows.

| Place Il Place
b
a c
d
b c
d
a
c b
d
a
d b

The possible arrangements are
(ab), (ac), (ad)
(b,a), (b,c), (b,d)
(c,a), (c,b), (c,d)
(d,a), (d,b), (d,c)

The total number of arrangementsare 4 x 3 =12

Inthe above arrangement, the pair (a,b) isdifferent from the pair (b,a)
and soon. Thereare 12 possiblewaysof arranging thelettersa,b,c,d taking
two at atime.

i.e Selecting and arranging ‘2’ from ‘4’ can be done in 12 ways. In
otherwords number of permutations of ‘four’ thingstaken ‘two’ at atimeis
4x3=12

In general "p, denotes the number of permutations of ‘n’ thingstaken
‘I’ at atime.

[‘'n’ and ‘1’ are positive integers and r<n]
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2.2.3 Tofind thevalueof "p:

"p, means selecting and arranging ‘r’ things from ‘n’ thingswhichis
thesame asfilling ‘'r’ placesusing ‘n’ things which can be done asfollows.

Thefirst place can befilled by using anyone of ‘n’ thingsin‘n’ ways

The second place can befilled by using any one of the remaining
(n-1) thingsin (n-1) ways.

So the first and the second places together can be filled in n(n-1)
ways.

Thethird place can befilledin (n-2) ways by using theremaining
(n-2) things.

So the first, second and the third places together can be filled in n(n-1)
(n-2) ways.

In general ‘r’ places can befilled in n(n-1)(n-2)....[n-(r-1)] ways.

So "p, = n(n-1) (n-2)...(n-r+1). Tosimplify the above formula, we are
going to introduce factorial notation.

2.2.4 Factorial notation:

The product of first ‘n’ natural numbersiscalled n- factorial denoted by
n!or|n.

For example:
5 =5x4x3x2x1
4 =4x3x2x1
\ 5 =5x4
51 =5x4x3
Ingeneral, nl = n(n-1)(n-2)...3.2.1
\' n! =n{(n-1)!}
=n(n-1)(n-2)! and so on
We have "p, =n(n-1)(n-2)............ (n-r+1)
_ n(n—l)(n—Z) ...... (n—r+1)(n— r)! _ n!

n-r) (n-r)
{multiplying and dividing by (n-r)!'}

n!

\ npr = (n'r)l
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Observation :

i) o =1
@ v, = gy = A

(iv) "p, = Tn) - or =n!

(ie. Selecting and arranging ‘n’ things from ‘n’ things can be
donein n! ways).

(i.e‘n’ things can be arranged among themselves in n! ways).

2.2.5 Permutationsof repeated things:
If thereare ‘n’ things of which ‘m’ are of one kind and the remaining
(n-m) are of another kind, then the total number of distinct permutations of
‘n’ things
- n!

~ mt{n-m)!

If there are m, things of first kind, m, things of second kind and
m. things of r " kind such that m,+m,+.....+m = n then the total number of
permutations of ‘n’ things

2.2.6 Circular Permutations:

We have seen permutations of ‘n’ thingsin arow. Now we consider
the permutations of ‘n’ things in a circle. Consider four letters A,B,C,D.
Thefour letters can bearranged in arow in 4! ways. Of the 4! arrangements,
the arrangement ABCD, BCDA, CDAB, DABC are the same when
represented along acircle.

A B
D@ B AOC BQD CQ
A B C D
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|
So the number of permutations of ‘4’ things along acircleis 44—' =3

In general, n things can be arranged among themselvesin acirclein
(n-1)! ways

Example 6
Fndthevalueof (i) ©p, (ii) ’p, (iii) p,
Solution:
I) 10p1:10
7
i) b, = _|7|T4 :||: :—7X6X§'X4X 3 7x6x5x4=840
i) Mpy=1
Example7

Thereare4 trainsfrom Chennai to Madurai and back to Chennai.
In how many ways can a person go from Chennai to Madurai and returnin
adifferent train?

Solution:
Number of ways of selecting atrain from
Chennai to Madurai from the four trains = “p,=4ways

Number of ways of selecting atrain from
Madurai to Chennai from the remaining 3 trains

°p, = 3ways

\ Total number of ways of making the journey =4 x 3= 12ways

Example 8

Thereisaletter lock with 3ringseach marked with 4 lettersand do
not know thekey word. How many maximum uselessattemptsmay be made
to open thelock?

Solution:

To open thelock :
The number of ways in which thefirst ring’s
position can be fixed using the four letters = %p, =4 ways

The number of ways in which the second
ring’s position can be fixed using the 4 letters = “p, = 4 ways
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The number of waysin which thethirdring’'s

position can be fixed using the 4 letters =4p, = 4 ways

\ Total number of attempts =4x4x4=64ways

Of these attempts, only one attempt will open the lock.

\ Maximum number of useless attempts =64-1=63
Example9

How many number of 4 digits can be formed out of the digits
0,1,2,.......... ,9if repetition of digitsisnot allowed.
Solution:

The number of ways in which the 1000’ s place can be filled

(0 cannot be in the 1000’ s place) = 9ways

The number of ways in which the 100’s place 10°'s
place and the unit place filled using the remaining

9 digits (including zero) = %p,= 504 ways
\ Total number of 4 digit numbersformed =9x 504 = 4536
Example 10

Find the number of arrangements of 6 boysand 4 girlsin aline so
that no two girls sit together

Solution:

Six boys can be arranged among themselves in a line in 6! ways.
After this arrangement we have to arrange the four girlsin such away that
in between two girls there is atleast one boy. So the possible places to fill
with the girls are as follows

O B O B O B O B O B O B O

The four girls can be arranged in the boxes (7 places) which can
be done in "p, ways. So the total number of arrangements = 6! x p,
=720x 7x6x5x4 =604800

Example 11

A family of 4 brothersand 3 sistersaretobearrangedinarow. In
how many ways can they be seated if all the sisterssit together?
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Solution:

Consider the 3 sisters as one unit. There are 4 brothers which is
treated as 4 units. Now there are totally 5 units which can be arranged
among themselves in 5! ways. After these arrangements the 3 sisters can
be arranged among themselvesin 3! ways.

\ Total number of arrangement = 5! x 3! = 720

Example 12
Find the sum of all the numbers that can be formed with the
digits 2, 3, 4, 5taken all at atime.

Solution:

Number of 4 digit numbers that can be formed using the digits
2, 3,4,5is%,=4! = 24. Out of the 24 numbersthe digit 2 appearsin the unit
place 6 times, the digit 3 appears in the unit place 6 times and so on. If we
writeall the 24 numbersand add, the sum of all the numbersin the unit place

= G[2+3+4+5] = 6x 14=84

Similarly the sum of all the numbersin the 10’s place = 84

The sum of all the numbersin the 100's place =34

and the sum of all the numbersin the 1000’splace =84

\ sumof all the4digit numbers = 84x1000 + 84x100+84x10+84x1
=84 (1000+100+10+1) =84 x 1111
= 93324

Example 13
In how many ways can theletter s of theword CONTAMINATION
be arranged?

Solution:

The number of letters of word CONTAMINATION = 13
which can be arranged in 13! ways
Of these arrangementstheletter O occurs 2 times
N occurs 3 times
T occurs 2 times
A occurs 2 times
and | occurs 2 times

. |
\ The total number of permutations = W
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1
2
3

4)

5)

6)

8)

9

EXERCISE 2.2

If "p, = (42)"p,, find n
If 6["p,] = 7"Yp findn

How many distinct words can beformed using all the letters of theword
i) ENTERTAINMENT ii) MATHEMATICS iii) MISSISSIPPI

How many even numbersof 4 digitscan beformed out of thedigits1,2,3,....9
if repetition of digitsisnot allowed?

Find the sum of all numbersthat can beformed with the digits 3,4,5,6,7
taken all at atime.

Inhow many ways can 7 boysand 4 girlscan bearranged in arow so that
i) all thegirlssit together ii) notwo girlssit together?

In how many ways can the | etters of theword STRANGE be arranged so
that vowel s may appear in the odd places.

In how many ways5 gentlemen and 3 ladies can be arranged along around
tableso that notwo |adies are together?

Find the number of wordsthat can beformed by considering all possible
permutations of theletters of theword FATHER. How many of these
wordsbeginwith Fand end with R?

2.3 COMBINATIONS

Combination are selections ie. it inolves only the selection of the

required number of things out of the total number of things. Thus in
combination order does not matter.

For example, consider a set of three elements{a,b,c} and combination

made out of the set with

i) Oneatatime: {a}, {b}, {c}
ii) Twoatatime: {ab}, {b,c}, {c,a
iii) Three at atime: {a,b,c}

The number of comibnations of nthingstakenr, (r < n) isdenoted

by "c, or (P)
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2.3.1 Toderivetheformulafor "c,:

Number of combinations of ‘n’ thingstaken ‘r’ at atime
Number of permutations of ‘n’ thingstaken ‘r’ at atime

= nCr
= ”pr

Number of ways ‘r’ things can be arranged among themselves =r!

Each combination having r things gives rise to r! permutations

\' p =(c)r
n!
=> W =("c)r
n!

Observation:
. n! n!
() " =oh-oy= -1
y nt___n _
@ " = r-ny Tor 71
(i) "c. =nc,

(iv) Ifrc, =nc thenx=yorx+y=n

n

V) o=
Exampleld
Evaluate®p, and c,
Solution:
8 8! 8X7x6x5!
8p3: (8- 3) ST — =8x7x6=336
8! 8l
8c — — S _ 8BX7xbxdl _ 87x6 —
%=31(8-3) 38" a5 ~30a
Example 15
Evaluate °%c,
Solution:
0 on = 10x9 _
ey =1, =51 =45
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Example 16
If "cy = "cg, find "c,.

Solution:
"c, ="C,(given)
=>n=8+6 =14
\' e, =Y, = 1;');13: 91
Example 17
100) _ (200} ¢\ yio
If(r )—(4),f|ndr
Solution:
100¢, =100, (given)
=> r+4r =100
\ r =20
Example 18

Out of 7 consonantsand 4 vowels, how many wor dscan be made each
containing 3 consonants and 2 vowels.

Solution:

Selecting 3 from 7 consonants can be done in’c, ways
Selecting 2 from 4 vowels can be done in“c, ways.

\ Total number of words formed ="c, x “c,
_ 7x6x5 4x 3
T 3x2x1 X 2x1
\ =35x6=210
Example 19

Thereare 13 personsin aparty. If each of them shakeshandswith
each other, how many handshakes happen in the party?

Solution:
Selecting two persons from 13 persons can be done in'3c, ways.

\ Total number of hand shakes = 1302 = 13;)((112 =78

39



Example 20
There are 10 pointsin a plane in which none of the 3 points are
collinear. Find the number of linesthat can be drawn using the 10 points.

Solution:
To draw aline we need atleast two points. Now selecting 2 from 10
can be donei n %, ways

\ number of lines drawn =1°c, = —120))((3 =45

Example 21

A question paper has two parts, part A and part B each with 10
questions. If the student hasto choose 8 from part A and 5from part B, in
how many ways can he choose the questions?

Solution:
Number of questionsin part A = 10.
Selecting 8 from part A can be done in%, ways = °c,
Number of questionsin part B =10
Selecting 5 from part B can be done in%, ways

\ Total number of ways in which the questions can be selected
= 10¢, x 10c, = 45x 252 = 11340 ways

Example 22

A committee of seven studentsisformed selecting from 6 boys and
5girlssuch that majority arefrom boys. How many different committees
can beformed?

Solution:
Number of studentsin the committee =7
Number of boys =6
Number of girls =5
The selection can be done as follows
Boy (6) Girl (5)

6 1

5 2

4 3

ie. (6B and 1G) or (5B and 2G) or (4B and 3G)

40



The possiblewaysare (6) (5) or (€] (5 or (8)(3)

\ The total number of different committees formed
= 6¢c, x 5¢c,+5c, x °c, + éc, x 5¢,
=1x5+6x10+15x10=215

2.3.2 Pascal’s Triangle
Forn=0,1, 2, 3,4,5... the details can be arranged in the form of a
triangle known as Pascal’ s triangle.

H

Substituting the values we get
n=0 1

>3 3 35 S S
I n
g b~ WO N B
H
||H
(o2}
N
[EnN
[N

1 5 10 10 5 1

The conclusion arrived at from this triangle named after the French
Mathematician Pascal is as follows. The value of any entry in any row is
equal to sum of the values of the two entriesin the preceding row on either
side of it. Hence we get the result.

()= ()= (7)
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2.3.3 Usingtheformulafor "c_derivethat (P ) + (nl) = (n+1)

Proof :

)
2)
3)
4)

5)

6)

7

r

LH.S. =rc +c,,

ol e B =0 o )

“or(n-r) * (r-1!)(r{-r+1)!

nt [n-r+1] + nt(r)
rt (n+1-r)

_ nin-r+1+r] _ ni(n+1)
fm(n-r+1)! = r{n-r+1)!

_  (n+1) _  (n+1)
r'(n-r+1) r'(n+1-r)

nic = RH.S.

EXERCISE 2.3

Evaluate a) *°c, b) **c,,
If %c =3%c,, find'n’.
nt2c =45, find n.

A candidateisrequired to answer 7 questions out of 12 questionswhich
aredivided into two groups each containing 6 questions. Heisnot
permitted to attempt more than 5 questions from each group. Inhow
many ways can he choose the 7 questions.

From aset of 9 ladies and 8 gentlemen agroup of 5isto beformed. In
how many ways the group can be formed so that it contains majority of
ladies

From aclassof 15 students, 10 areto be chosen for an excursion party.
There are 3 studentswho decide that either all of them will join or none
of them will join. In how many ways can they be chosen.

Find the number of diagonals of ahexagon.
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8) A cricket team of 11 playersisto be chosen from 20 playersincluding
6 bowlers and 3 wicket keepers. In how many different ways can a
team be formed so that the team contains exactly 2 wicket keepers and
atleast 4 bowlers.

24 MATHEMATICAL INDUCTION

Many mathematical theorems, formulae which cannot be easily
derived by direct proof are sometimes proved by theindirect method known
as mathematical induction. It consists of three steps.

(i) Actual verification of the theoremforn=1

(i) Assuming that thetheorem istrue for some positive integer k(k>1).
We have to prove that the theorem is true for k+1 which is the
integer next to k.

(iii) Theconclusionisthat thetheoremistruefor all natural numbers.

2.4.1 Principleof Mathematical Induction:
Let P(n) be the statement for neN. If P(1) istrue and P(k+1) is also
true whenever P(k) istrue for k > 1 then P(n) istrue for all natural numbers.

Example 23
Using the principle of Mathematical Induction prove that for all
ni N, 1+2+3+..n = M
Solution:
n(n+1)

Let P(n)=—5—
For LHS n=1,p(l)=1

For RH.S p(1)= @

LHS=RH.Sforn=1

=1

\ P(1) is true.
Now assume that P(k) istrue
, k(k+1)
i.e 1+2+3+....+k = ——5  lstrue.
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To provethat p(k+1) istrue

Now p(k+1) =p(k) +t.,,
p(k+1) = 1+2+43+..... k+k+1
= p(k) + (k+1)
k(k+1
K)o

= (k+1) [ 5 +1]

_ (k+1)k+2)

- 2
=> p(k+1) istrue whenever p(k) istrue. But p(1) istrue.
\" p(n) istruefor al nl N.

Example 24
Show by principle of mathematical induction that 32" -1 is
divisible by 8 for all ni N.

Solution:

Let P(n) be the given statement
p(1) =3 - 1 =9-1=8 which isdivisible by 8.
\ p(1) is true.
Assume that p(k) istrue
ie, 3 lisdivisibleby 8.
To prove p(k+1) is true.
Now p(k+1) =Rk -1 =Fx -1
=93Z-1
= 9(32k) -9+8
=9[31] +8
Whichisdivisible by 8 as 31 isdivisible by 8
So p(k+1) istrue whenever p(k) istrue. So by induction p(n) istrue
for all nl N.

EXERCISE 24

By theprinciple of mathematical induction provethefollowing
1) 1+3+5+..... (2k-1) = k?
2) 4+8+12+....... 4n = 2n(n+1)
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3) 1.2+23+34+ ... n(n+1) = m

3

4) P+ 2B+ o= n°(n+1)°

4
5) 2+ 2+ nz = Dln#)(2n+)

6
6) 1+4+7+10+.......... (3n-2) = % (3n-1)
7 2% - 1isdivisibleby 7.
2.4.2 Summation of Series

We have 1+2+3+.....+n =Sn = ”(”2+1)

124224 +n2 = Sn2 = N(n+1) (2n+1)

B4+23+.... +m3=Sn3= {M}2

Thus |sn = RN +1)
2

Sn2= n(n+1) (2n+1)
6

Sn3 = {n(n+1) }2
2

Using the above formula we are going to find the summation when
the nth term of the sequenceisgiven.

Example 25

Find thesum to n termsof the serieswhose nth term isn(n+1)(n+4)
Solution :

t, = n(n+1)(n+4)

=n*+5n2+4n
\' S, =St =S(n3+5n%+ 4n)
=Sn3+ 58n? + 45n
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i feofoa) . ft)

2 2

n(0+3) [ 32 + 230 + 34

Example 26
Sumtontermsof theseries12.3 + 225+ 327 + ......

Solution:
The n" term is n?(2n+1) = 2n3+n?
\ S, =S(2n%*n?) = 25n3 + Sn?

_ 2n?(n+1)? n(n+1)(2n+1)
4 6

_ n(n+l) 2n+1
= —5—=[n(n+1) + =]

n(n+l) (3n?+3n+2n+1
2 3

= %[3n2+5n+ 1]
Example 27
Sum the following series 2+5+10+17+......ton terms

Solution:

= (1+1+1+.....nterms) + (12+22%+.....n%)

= n+n +123(2n+1)

[6+2n%+3n+1]

I
o>

% [2n2+3n+7]
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EXERCISE 25

Find thesum ton termsof thefollowing series

1) 123+234+345+ ...
2) 122+2.3+3.8+ ..........
3) 2+ L2 +6+.......... (2ny
4) 25+58+8.11+..........
5) PP+F+B+ ..
6) 1+ (1+2) + (1+2+43) + .........
25BINOMIAL THEOREM

25.1 Theorem

If nisanatural number,

(x+ay ="C,x"+"C x"ta+"C,x"2a? + ... +nrxXra+ ... "C an
Proof:

We shall prove the theorem by the principle of Mathematical
Induction

Let P(n) denote the statement :
(x+ay ="C,x"+"C x"ta+"C,x"2aZ+ ...
+0C_ x"rartt +0C X ar+....... +°C a"
Letn=1, Then LHSof P(1) =x+a
RHSof P(1)=1.x+1.a=x+a=L.H.S of P(1)
\ P(1)istrue
Let us assume that the statement P (k) be true for kI N
i.e. P(k) :
(x+af=*C xk+ C xla+C, x2a2 + ......
+KC | X gl + KCoxkrart.L.... +KC ak ... (1)
istrue
To prove P (k+1) istrue
i€, (x+ayrl = kG Xkt + kHC xka
+KAC, Xt a2+ L +KHIC XA + L+ L+ KIC  atistrue.
(x+afet = (x+a) (x+af
= (x+a) [Cyx+C xla+C,x2a2+ ... +C_ x*1r gl
+KC xkrar + ... + Kk d] using (1)
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SIG XL+ KC xka+ 'C xtaz+ .+ [C X a + L HC x &
+C xka+C xla+ . }C_ x1ral + . +1C akt
=G X+ (C +1C) ¥ a+ (C,+C) Xtaz+ ...
........ +(C +KC ) Xtrar + . +#C akt
But'C +C , = *1C
Putr=1, 2, ... etc.
kC, +C,=K"IC,, /C, + *C, = ¥"1C, ......
kcoz 1:k+1co ; ka: 1:k+1ck+1
\ (x+afrt = kG Xkt + KHIC, xkar k2C, xk1a2 + ...
+ k+1Cr Xk+1—r a+ ... + k+1Ck+l ak+1
Thusif P (k) istrue, then P (k +1) is also true.
\ By the principle of mathematical induction P(n) is true for nT N.
Thus the Binomial Theorem is proved for nT N.

Observations:

(M)
(if)
(iii)
(iv)

(v)

(vi)

252

The expansion of (x+a)' has (n+1) terms.

The general termisgiven by t ., = nC x™'a'.

r+1
In (x+a), the power of ‘X’ decreases while the power of ‘a’ increases
such that the sum of the indices in each term is equal to n.

The coefficients of terms equidistant from the beginning and end are
equal.

The expansion of (x+a)" has (n+1) terms Let n+1 = N.

a) when N is odd the middle termist ,,

=
b) when N iseven the middletermsaret n and tyz_
2
Binomial cooefficients can also be represented by C;, C,, C,, etc.

+1

Binomial coefficientsand their properties
()" =C+Cx+Cx+Cx3+ ... +CX (1
Put x =1in(1)weget

2 =CG+C+CH+...... +C
Put x =-1in(1) weget

0 =G,-C+C-C+...+ (-1 C,
=G, +C,+C+...... =C +C+..
2n
2
sum of the coefficients of odd terms = 21

=> sum of the coefficients of even terms = =2n1
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Example 28
Expand (x+ % )4

Solution :

(cHE)t =ACX! +4CX(5) + 4C, XYL )2 + 4C, X(+ * + 4C,( - )*

=x+aR+6+ L +L
X X

Example 29
Expand (x+3y)*

Solution :
(x+3yy =4C,x*+4C x3(3y) + 4C, x? (3yP + 4C, x(3yy + 4C,(3y}
= X + 4E(3y) + 6X(9y?) + 4x(27y°) + 81y*
= X + 128y + 54%y? + 108xy3 + 81y*

Example 30
Find the 5th term of (2x-3y)’
Solution :
tr+1 = 7Cr(2X)7_r ('Sy)’
\ t, =t,,,=7C,(2)"*(-3y)y
=7GC; (20)* (3yY
— Ix6x5 4
oy &) (B9
= (35) (8¢) (81y*) = 22680y
Example 31

Find the middle term(s) in the expansion of (x-%)ll
Solution :

n=11

\ n+1=12=N =even number

So middle terms = t% and t(%ﬂ)

ie, tsandt,
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(i) Nowt,=t,,  =11C x11'5(-% )

=-11C; 2°x = (-11C))(32x)

(i) t, = to.= 11C, (8 (-2 )p

_ (-2)8
=11C, ¥ 3

X
556
2
=11G, £
6 X6
= 11C, (ﬁ)
X
Example 32
Find the coefficient of x%in the expansion of (2x- %)11
Solution :
General term =t,,=11C (2@ (_%)r

r
= 11 25 per (8)
X

= llCr 211—r X22-2r (_3)r Ned
= llCr 211—r (_3)r X22-3r
To find the coefficient of X9, the index of x must be equated to 10.

=>22-3r =10
22-10 =3
\'r =4

So coefficient of X°is11C, 214 (-3)* = 11C, (27) (3%

Example 33
Find the term independent of x in the expansion of (%-%)9
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Solution :

1
2
3

4

— — -3
General term =t,, = 9C,(%)9 A~

9-r r
—oc A« (3 ypep L
(3 3 or X

The term independent of x = constant term = coefficient of X
\ Tofindthe term independent of x
The power of x must be equated to zero

=>18-3r =0
\'r =6
So the term independent of x is 9C 420 (:3)°
P 6 396 2_6
4% @)
=9C, —
3 33 (2 )6
- 987 | B4 3P
1 3T 64
= (84) (3%) = 84x27 = 2268
EXERCISE 2.6

Find the middle term(s) in the expansion of (x- %)ﬂ

Find the coefficient of x8inthe expansion of (x-- %)20
Find the term independent of x in the expansion of (x2- xis )

Find the 8th term in the expansion of (2x + )1,— )
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3
5) Find the middleterm in the expansion of (3x- XT ¥
6) Find theterm independent of x inthe expansion of (2x2+ % )2
7 Show that the middletermin the expansion of (1+x)2"is
1.3.5...(2n-1) 2" .x"
n!
8) Show that the middletermin the expansion of (x+ % Pris %
EXERCISE 2.7
Choosethe correct answer
1) If nl =24 then n is
@4 (b)3 (c) 4! (d1
2) Thevalueof 3! +2! + 11 +0! is
(a) 10 (b)6 (©7 (d)9
1,1 ;
3) Thevalue of TrE s
5 5 7 1
(@ 5 (b) > () = (d) =
4) Thetotal number of ways of analysing 6 personsaround atableis
(@6 (b)5 (c) 6! d) 5!
5) Thevalueof x(x-1) (x-2)! is
(@ x! (b) (x-1)! (c) (x-2)! (d) (x+1)!
6) 2 personscan occupy 7 placesin ways
(a) 42 (b) 14 ()21 (d)y7
7 Thevalueof %, is
8X7x6
(88x7x6 (b) TR (c)8x7 (d3x21
8) Thevalueof ®C is
(@8 (b1 (©7 (d)0
9) Thevalueof ®C,is
@9 (b1 (c)*°C, ()0
10)  Number of linesthat can be drawn using 5 pointsin which none of 3 points

arecollinearis
(a) 10 (b) 20 (©)5 (d1
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11)

12)

13)

14)

15)

16)

17)

If (§)+ (i): (g)then X is

(@5 (b)4 (©)6
If 1%c =, then r is

(@2 (b)4 (c) 10
Sum of all the binomial coefficientsis

(a) 2 (b)b" (c)2n
Thelasttermin (x+1)" is

(a) x (b)bn (©n
The number of termsin (2x+5)7 is

(@2 (b)7 (©)8
Themiddletermin (x+a) is

@rt, (b) tg (©)tg
Thegeneral termin (x+a)" isdenoted by
@rt, (bt ©t,
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